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Mathematics - IV

A . s . tion. Y . 1-4C b
which is a partial %@Hmbﬂw— e t W~ Oﬂﬁwo—o,ﬂ. —U% G—Emﬂﬁn 1t mos.u &4 Partia) Uma.c-.r.:n._ﬁ m::g,.wc—ra
ntl
Que13. | Form the partial &%w__eﬂun" R 8z _ cu
LT 0 — = ", : " s
the g’—nﬂs gna-ﬁﬂﬁv from ¢ nm-ﬂ ox? EHi)+g " i) -41.36)
L z=f2y3) . :
mr Z2=¢().y() an =if "G +it) - ig '(x — i)
n. z= ).a. +it) +g(x - -B
u
i Uﬁ.mamu_umnEWN partially w.r.t.x, W€ get oz
.. or =7 =" +it)—g"(x-ip)
MN p=fld- y9). 2 .ﬁ.w.: ot .{1.3.7)
x . . o'z
Umm.mﬂmbnmma:mw‘ partially w.r.t.y, Weé get Adding eq. (1.3.6) and eq. (1.3.7), we obtain 2 ﬂ + $ =0
0z =g=flat- y9). (= 2) :.Q.w.Nv Which is o partial differential equation of second order.
o mv. 050 u.m. __| Solve the following differential equations :
Dividing eq. (1.3.1) by eq. (1.3.2), we get &~ yz)p * - zx)q = 2% - xy. m
PoX o py+qr=0
7 -y
Wwhich is a partial differential equation.
L Differentiating z w.r.t. x, partially, we get
oz
72 “P=¢ Vo) (133 . _ C dz—dx
Differentiating z w.r.t. y, partially, we get E-N&ryrd " G-DG+yrd GGy ya
0z il . Taking the first two members, we have &5 dy) L By-de
3y J9° =) y'(y) (L34 Cx-y y-z
- . hichon i ion gi
Differentiating eq. (1.3.3) partially w.r.t. x, we get Wiichon integration gives
) _omaxlwau_omGIN:—oma
0z
dydx §=0"x) ') ..(1.35) or ' log Tw. Y w =loga or Mn“ =a .(141)
Multiplying eq. (1.3.3) and (1.3.4 ’ )
N ), we get Similarly, taking the last two members, we obtain
bg= G ARV €Qv GARV v ~¢~v =28 ) chgﬂ AH.W.Q_
= Pg-2s=0 Y2 _p .(142)
which is a partial differentia] equation. am
i Givenz=flx+ it) + g(x - i) From eq. S.PC and eq. (1.4.2), the general solution is
Uum.mnmﬂsm:_bmw twice partially w.r.t. x ang t,we haye e =2 =0.
o y-2"z-x v

{ Solve 22 vfnnnuuu.
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Mathematics - IV

Answer , _

Rewriting the given equation as
y%p + x%2q = y’%
The subsidiary equations are
de _ % e
WN|N. Pz yx
The first two fractions give x%dx = y'dy-

16C(CC-sem-3 & 4)

Partia) Differentja) Equationsg

W&N+W&Q+W&N Hc
x y z
Fammnmabm‘ we get

log x + log y + logz =logc,

= xXyz =€y (163
j -{16.3)

Hence the general solutio

2 4 y2—22,xy2) =
ubammﬂmembm we getx®-y3=a ...S.w.: - ,#AR -
Again the first and third fractions give xdx =242 Que1 Solve s’y -2)P +y%z-2) g = 22 =
Integrating, we pot g2 =0 b e
ywegetx?—-2z2=b 8y
m@—ﬂnm M.HOB eq. AH 5. Hv g@ eq. AH 5. Nv ﬁ—ﬂm OQEﬁmﬁﬂm m°~=H~O= wm W?W.‘Miﬂ..—-s Py
ptsalngia s Here the subsidiary equations are
y . dx z dy __dz
.054_ Solve the partial differential equation Fy-2 -0 2a-y) J
0z 0z Using the multipliers Ux, 1/y and 1/z, we have :
P q .wﬂ.@vumgmnuw. 1, 1., 1
> —dx+=dy+=>dz
Lagrange’s subsidiary equation
Iy equations are dz .
> & + WW. == = 0 which on integration gives
x
~(161) logx+logy+logz=loga or xyz=q . -{L7))
Usingx,y, —1as ‘multi lie e y :
S pliers, we ge % Using the multipliers W QW and qu ,weget
each fraction =
s layile,
~ u&+.<&.<|&~ each fraction = * eo z
0
xdx+ydy-dz =0 munm+&|u‘+.&|N = 0, which on integrating gives
Integrating, we get =y
N
L+|-~ 1.1, A17.2)
X y z
" —
= A‘ ¥ e .< -2 ‘ - it Hence from eq. (1.7.1) and eq. (1.7.2), the complete solution is
! 17 17 R
>m»5- using L w. Ea E_ multipliers, we get
/.,,a/z.lql,fli e 1 M 1
cdxe=dyy 1 1
each fraction = th’kf m&..+l+wmu ,
Qu#.nlhu IN._..H-lQu l/lWlINu'u
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Mathematics - v

e —————

B N

The equation is of the form, Ap, q) =0
The complete solutionisz = ax + by +¢ ~(18y)

Where Va+Vb =1 or b=(1-Va)
From eq, (1.8.1), the complete solution is
2=ax+(1- z\mvw.<+n

‘Pe=p+q.

i

The equation is of the form fip, ¢) = 0

The complete solution is z = ax + by +¢ RSN
a

a-1

where ab=a+b or b=

a
a-1

Solve:4xyz =pg + 2 + RSN
2 =pg +2px'y Nna%(\

From eq. ( 1.9.1), the complete solution isz=ax+

y+e.

..(1.10.1)
?*=Xandy?=Y

and d g=

3y 2 L 4 02
+¢H%m~n+h.ﬂ< Y

02, &

bz =y o

or z=x —+y —+—.—

oz 0z 0z oz
..NM«ML;\meN.m%

or z2=PX+QY +PQ,
daz _ 0z
PX+QY +fP, Q

where P=

It is of the form

1

18 C(CC.8om.3 & 4)
l/

Its Complote golutionis z = aX +bY + ab or zm gy

Partiy) Diffe

rentinl Equagin,

+by? 4 qb,

,ﬂﬁof:. Solve:z* (P*+q* + 1) mat,

AR

The given equation is of the form f(z, p, q) = 0
Letus=y, by (note the use of b instead of g, since a ig g given constant)

d
sothat p= &IM ::zaue”“’“.

Substituting these values of p and ¢ in the given Cquation, we get
2
2 &nu» 2 hmMu +1| =a?
z ?% + B\
dz\’ 2_,2
or 2%(1 + b?) ﬁyu =a =z
dz
or z H+%Huugnn|%
f+p? —2—dz =du
or + 1+b*. a

Integrating, we have

£ 14622’ -2* =u+c

or (1 +b5%) (a2 -2%) = (x + by +¢)?

T AR YA I ST AT, 3

 Charpit's Method, Cauchy's Method of Cd

PR gy s e iyl St LR U
Let g \AR.Q-N.@.Q.VNA_@N.—‘Q“VV.IQNH ¢ :
Charpit’s subsidiary equations are
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Mathematics - v
/”

dc _ _dy _ dz
|NE

T z-2qy . -9z -P9
The last two of these give pdp + qdg=0
Hunmmamnbw

&
1]
b \.%'

P2+q?=c?
Now solving eq. (1.12.1) and eq, (1.12.2),
Putp®+g?=c?ineq. (1.12.1), so that g = c%/z

2 _ 2 2
L. c|(z° - c’y®)
mcvmo;:.ﬁzw this value of ¢ in eq. (1.12.2), we get p = =

...AH.HM.MV

2
H.Hmbnm QN"@RR.TQ&Q\H ha&*‘m&%
- z
1 2 _ 2,2
or zdz-cYydy= @ %) dxor 1d(z nevn&x

ANN _ ﬁn..‘uv
Integrating, we get c\/(z* - ¢?y?) =cx+aorz?= (@ +cx)*+ ¢’y* which is the
required complete integral.

Que 1.13. | Solve 2xz - pa2 2qxy +pg =0

Let f(x,y,2,p, q) = 2¢z —px*—2gxy +pg =0
Charpit’s subsidiary equations are

dc _ ay dz dp dq

-.(1.13.1)

2 e = v

¥ -9 2xy-p p’-2pg+i2gqxy 2:-2q7 0
e dg=0 or g=gq,
Puttingg=ain eq. (1.13.1), we get

_ 2x(z-ay)
N “-a
. _ 2x(z-ay)
< dz = pdx + qdy = 5 dx + ady
2 -a
or dz - ady = um.n dx
z-ay X' -a
Integrating, log (z—ay) = log (x?—q) + log b
or z-ay=b(x*-a) or z=ay+bx?-q)
which is the required complete solution.

4. | Solve 2: + p* + gy + 2 m 0.

1Y

. 7 Qw2 U s

Let /(x,3,2.p, )= 2 + pla: 114.1)

1-10C (CC-Sem-3 & 4) Partia] Differentig Equat;
long

Charpijpg subsidiary equations are
dx dy dz dp

= e— -— Q
.\| oz —=-L__dq
-2 7Y ~@peqy g, ty+3q
From first ang fourth ratios,
dp=—dx or p=_y,,
m:cmﬁncabmﬁ =a—-xineq.(1.14.1), we get
1
9= = -2-2% g,y
y
dz = pdx + qdy

= AQIRVQHIW _wu+w.<u+ﬁnlaun_&.

Multiplying both sides by 2y?,

2y*dz + 4yz dy = 2" (@ —x) dx — 493 dy — 9y (g - 2 dy
Integrating 2zy* = -ly'a-x)*+y +b \
or  y?[(x—a)®+ 2z +y’] = b, which is the derired solution,

Que 1.15. | Solve the PDE z.z -z = 0 subject to the condition

2(s,~-s)=1.

.H.“Hmnﬂ, mc.m, have
F(x,y,z,p,q)=pq-=z.
The characteristics system takes the form

dx _o_ o4y o dz = 2p(bqlt
@ = Fo=a®, o =F =plt), = =pF,+qF, = 2p(tit
dp _ = p), W - _F 4 qe)F ) =)
= =—[F +p®F ] =p(t), 3~ F,raF)=q
d
Note that w = p(t) = p(t) = ce' and MN e e it

where ¢ and d are arbitrary constants. Since we are ﬂooEuﬁM Mo.mw a
characteristics strip (i.e., F(x,y, z, p, q) = 0), we set z(t) = p(¢t) q(¢) = cde®. The
equations for the characteristic system are :

x(t) = de +d,, y(2) = ce' + c,, 2(t) = cde?, p(t) = c¢', g(t) = ',
where ¢, and d, are constants.

. : il . ut b
The initial condition z(s, — s) = 1 is given on the line y = M W_ﬁ.p%”maw %uw
(s,~s), we have fls) = s and g(s) = —s. We must find h(s) and kls

1= Gls) = h(s)k(s) *0 =Gls) = hle)— Hmm“. :
_1)-F o, XD ==kie)- hs).
0= F . X D=Ff, D === HE).
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T~
hs) =— land \23 t
Thus, we _=.<c two choices Ai(s) =1 =.a k(s) =1, 01 ~1E
o the choice A(s) = 1 and ks) = L} phe cc::u“. (s,0)=¢" q(s, t) = et
P?... ) =¢'- 1+ Q..QA».... t=¢t -1 -8, NA—A.. hv“e. » P
From the first two equations, we obtain "
e=(x+y+2)/2

Then the solution is
_+y+ 2)°

4 L
If we choose A(s) = - 1 and k(s) = - 1, the solution 1s given by

2(x, .v.v = ¥

(x+y+2)?
4

PART-3

m&ﬁsa o\.hr.xax ?l«& bSmRiBN Equation o, 3%»% 0&8.
S T ek Q.e:.ani Coefficient.

The given oacmsg is

A )i — b&. ~6D%z=0

0 ,_ 0

where D= P and D' = %

Auxiliary equation is
m-m-6=0

= (m-3)(m+2)=0 = m=3.-2

S CF = \Q+w¢+h@:xzmt
PI=0"""

Hence the complete solution is

where /| and f, are 3??5 ?uaneg

Sy

& | Solve Eo _FQB.

1-12C(CC.8om-3 & 4

Partja] p;
—0CSom-3 &4

ifferent g} Equationg

The givon cmE.:o: is D'+ D)z = 0

Auxiliary equation is mt+1=0
= mt+ 1+ 2m? = 22
= (m?+ 1= (mJ2)* =0

= (m?+ 2m + 1D (m* = VZm+1) =0
m*+ 2m +1=0 or m*— 2m +1=0

s0 that
me —LEi 14§
N TR E
—1+i 14i
Z = and z, =
et | 2 a
then, m=z, 2,2,z

Here z, and 2z, denote complex conjugate of z, and z, respectively,
CF=fy+z@X) +[,0 + Z0) +fy +2) + iy + Z,2)
PI=0
Hence the complete solution is
z2=CF+PI=fy+zx)+f(y+ Z0)+fy +z2) +fly + Z2)
where f, f;, f, and f, are arbitrary functions.

.E.a given equation is

F) a d

(D* - 3D’ + Gﬁﬁﬂwiesgnmba.mﬂu Eab.nmv.n
Auxiliary equation is : ;
i B w§»+» 0

: 35:*5 eii...u:ﬁs.vc 0

Scanned with CamScanner



1-11 v —CC.UQ.H.@ .
Mathematics - [V &4

; (s)=-— 1 and k( o
Thus, we have two choices A(s) = 1 and k(s) = 1, O K s L

For the choice A(s) = 1 and k(s) = 1, we obtain

/ s, t)=e'~145,3(s,£) = ¢'— 15, 2(s, ) = €*, P&
; ,. From the first two equations, we obtain

/ : et=(x+y+2)/2

n=¢, QA.w.. B=e!
,3 ¢ Then the solution is

AR+V.+Nv»

4 L
If we choose A(s) = — 1 mbn;@nlH.ﬁrmm&cao:amm:ab by

2(x,y) =e¥ =

NAH, ..v& = E

R T

 Solution of Linear

RS

P

The given equation is

)MN‘N -DD'-6D%)z=0

0 ,_ 0
where D= o and D' = ww
Auxiliary equation is

m’-m-6=0
= m-3)(m+2)=0 = m=3,-2
J Om_uhquxv.vhc.thv
PI=0"

Hence the complete solution is

z=CF+Pl=f (y+35) +f, (y - 2x)
where f, and f, are arbitrary functions.

ue 1.17, | Solve the linear partial differential equation

1-12¢ AOG.moE.w &4)

Partia] UES@E.E mﬁmzauu
4
.@um. + w\m. =
ox* Oy
The given equation is (D*+D")z =0
Auxiliary equation is mi+1=0
= Sa.—.H.fNSn"MSN
= (m? + 17 - (m2)* = ¢
= (m?+ J2m + 1D (m?* —J2m +1) =0
so that m2+\2m +1=0 or m~ \2m +1=9
: =1+i 144
m= =<4
= . »\M ) a\m
-1+i 1+i
z, = andz, =-—"~
Let . . 1 /\M 2 Np)
then, m =2y, 22,7

Here Z and Zz, denote complex conjugate of z, and 2, respectively,

CF=fiy +2 ) ¥,y + ZX) +fy +20) + f{y + 3, %)
PI=0
Hence the complete solution is
z=CF+Pl=fy+2)+f 4+ 2 0) +fly+z0) +f(y+ E,
where f,, f,, f, and f, are arbitrary functions.

Que 1.18. | Solve the linear partial differential equation

o’u o’u o*u .
m.ﬁu &n& +4 % Qu %,

) 0
(D* - 3D°D’ + 4D"®) w= & *» where D= 2 and D' = >
ox
Auxiliary equationis

T mi—-3m2+4=0
mm+D—4dmm+1) +4(m+1)=0
" m+D(mi-4m+4)=0
(m-2¢m+1)=0
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Mathematics - IV 1-13C(CC-Sem-g ¢, 4
= m=22-1
CF=fiy-2) +f,(y + 20) + xf, by + %)
wH = H et + 2
D’ -3D’D' + 4D"®
1
- ! dududu
T swr@saar e
where x+2y=u.
— P SN 42y
27"
Hence the complete solution i is
u = CF +PI

u\.ﬁ<|av+hQ+N¢+axQ+wpv+ Pa::

27
where i f, and f, are arbitrary functions,
9%z mu
ma.n axdy .wv.» =cos (2x +¥).

Que 1.19.

QEm: m@:mSo: in symbolic form is (D? + DD’ - 6D'?) z = cos (2x + y)

-~

where N

D= — andD’
/ ma mv.
>EE:5 equation ism?* + m —6 = 0 where m =- 3, 2.
25 Om. A = 32) + f(y + 2x)
Since D? + DD’ - mb.n,l,,l (2 -(2) (D) -6(-1)=

It is a case of failure and .ocn have to apply the general method

NS

1
- D? - DD’ —_6D"
I
= cos (2x +y)
(D+3D") AU.J. 2D")

PI

cos (2x +y)

b+mb. :.oomﬁa+n mav&h”_
\

c->y+2x

u&u. prap LJoseds]

et

1-14C(CC.8om-3 & 4 Partig] p;

el Bt

:x cos (¢ + 3x Ix 4+ NuEL

= :a cos (bx + 35& )

s AR M

Hence the complete solution is

uu\_clﬁv+\wc+§v+.m.a_.EJr 1 {

rm.wﬂauﬁn..zi, .
o g

Que 120. | Solve r - 4s + 4t = ™ *7, ///
Answer N
oz ., Oz, 'z
i ionis — -4 +4—= =ex%y
Given equation is P ooy 4oy e

Symbolic form is (D* — 4DD' + 4D'?) z = g2+,
Its auxiliary equation is (m —2)* =0, where m =2, 2,
: CF =f\(y + 2¢) + xf,(y + 2x)
Pl= 5 luwbvu o2y
The usual rule fails because (D= 2D'%2 =0 for D=2 and D' =
To obtain the PI, we find from (D - mb;: e*y the moESo:
u= _ Fx,c- :c& dx

= _ Nﬁninlwxv&ﬂhﬁnﬂkmpzu

[ y=c-mx=c-2|

and from (D - 2D) z = u = xe>*?, the solution
z= h RﬂNx.:nlg RU. = WHN&H .I...—.m wmnnou
.—... u.lnlﬂkﬂal&u_

Hence the complete solution is z=fy+20+ ama. + %) o w.%_ 1;
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(DF-2DD’ + Dk =sinx
Auxiliary equation is

m*-2m+1=0 = m=1,1
- . CF=fi(y +x) +xf,(y +x)
_1
O-DYy
1
a-oy
= IMH.bR "l.Mu-.bH
Hence the complete solution is .
z=CF+PI=f(y +x) +xf(y +x) -sinx
where f, and £, are arbitrary functions.

PI= sin (x + 0y)

where x = u

.:.&b:&:&r

H.NM,. Solve the linear partial differential equation
&'z 8’z
ardy’

+4

=4sin 2r+y).

B e oS

The given equation is

(DF —4D°Dr + 4DD"™)z = 4 sin (2c +y)
The auxiliary equation is
m*—4dm*+4dm =0
mm*—4m +4)=0

=
= m=0,2 2 .
CF=f()+£ + 2x) + xf (y + 2x)
*
PI= 1 —- 48in (2x +y)

D?-4DD' + 4DD"

ks e s

1-16C Aﬁuﬂom&ﬁ—é & 4)

Partial _Umn.m—.dﬂﬁﬁ E .
<

—— Equations
4 1 .
= mTw.INE__sE:;

_ 4x2. Wﬁw.ﬁsﬁk‘fu&

D
- nmlwﬂ;wn;. )
= 2¢ D Yy

cos (2x + y)

=-2x* 2 ==x*c0s (2 4 y),

Hence the complete solution is
z=CF+ PI .
= f,0) +D.G + 2x) + xf(y +20) - x* cos (2x + y)
where f,, f, and f, are arbitrary functions. -
oz gt
3

&&u -6 & ﬂwmpa“.fNQu.o.ﬁvuow.

The given equation is
(D3 —7DD*2 — 6D'3)z = sin (x + 2y) + e+

Auxiliary equation is
m3-Tm-6=0
m+1)(m2-m-6)=0
= m=-1,-2,3
. CF =fily —=x) + [,y — 2x) + fyly + 3x)
H . .
PI= O —7DD" D" sin (x + 2y)
1 Sx +y
"D D -eD" ©
PI corresponding to sin (x + 2y)
1 .
= y sin u du du du,
@)° -7QN2)* - 6(2) .E.
where x+2%=u
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Mathematics - IV

1-17C (CC-Semy B&q)
=x. s 1 qu.f.- ;
= (D* - 1DD" - 6D"%) |
aD i |
- H 3x+y A
* 3 opee
_ 1 Sx+y _ IHI 3x+y
. aerorar . Trgt
Required PI = — feey
. qwaomﬁe+av+mcm
- Complete solution is
2=CF+Pl=f\(y-x) +f,ly - Nsiuc,;&- 75 08 @ +2) 4 L paryy

20
where fi,f,and f3are arbitrary function. \\

..b;nw u.wh. Solve (D? - DD')z = cos x cos 2y

PEB_SJ. mpzmsob is: Eu m=0
m(m-1) =
m= c. 1
CF=f()+fy+=x
1
PI=
2 - bb.
W 1
2Dp%-pp
[ 1 1
== cos (x+2y)+
Y D DD

CoSxCcos2y

{eos (x+2y)+cos (x-2y)) -

2| p?-pp
(PutD?=-1,DD'=-2and D?=-.1, DD’ = =2

1[ 1
dlE= TBS&?«@?IS&H&.«L
1

- 1-@
:

= a3l cos (x + w.t..looa (x~ w.&
Thus, the 88!@8 uc_cscu is

x) + nﬁgﬁ._.»uvalooia u.sv

cos Auumi i

D |

- - Partial Diffeen;
1-18 C (CC-Sem.3 ¢ 4 2 Differentia) Equationg
The given equation is r + 5 — 2t = y2x+y .
We know that
Pz &’z . &2

& axoy oy
(D?+DD'-2D*) 2= 2x+y
Auxiliary equation is

SN.TS.IN"O

“1(m+2)=0
fn m=1-2 B
CF =f(y +2) + foly - 2x)

PI= }HI 4

+ °b~ N NU_N Q -
PutD=2,D'=1let2x+y=u
1
T @+ @M-20) I e
1 4 2
- » 15 “
Pl= — 5/2
15 Ama +y)
~. Complete solution is
i z=CF+PI

= £10 + %) + fly - 2x) o ﬁa +y)¥
iwm_.m fyandf, are arbitrary functions
0:0 1.26.

‘ b.\‘!..r/.éi,

vo—a.n1+An+$u+nvnna?

9<m=o~_=wcobw+? +b)s+ab t=xy
We know that

%u

i

Scanned with CamScanner



(£ + ) 503 f . -a(zz+m+(x Y=z

Id+dD =2
(£ +x3g) soo%— =

{(£ +x7)800 - (£ + m)mz)g— =

(£ +xg)ms(q - cI)m

ad-.,d73
£+xg)ms B — 2% _
RSa = a-at
(£+xz)ms(,a—a)(.a+a)g s
. wa-a 1
(a@+ay
| §
AdG+AT+T+G+¥ -
£ g§— =
(£ +xg)ur 1
e-=.dd'T-=ud V- =10 ‘nd
Ade+de+0¢-.4dd -
(£ +xg)us 1 =Id
—— =2 + OY + (x—-HYY =
} / ) -2 (G + O + ;2(x— £ =D
% uonouny Arejuawaidwo)

(£ +xg)uts

g-="pg=twg="0-="u

0=2(o— . qu-q@(o-.d"u-@
Y4 3 Surreduwo)
0=2@+az-@ (d+a
SE Ud})LIM 9q Ted Jey],

(£+ xg) wis = 2(,dg + A% * 2.3 ~.Ad ~ q)
st uoryenba [B1IUSISYIP uaArd oy,

e T —

‘SuraEaUI [ENSN J19Y} ABY SUOHEIOU dIdYM
(K +xg) uis =z (@3 + A% + 7%~ aa- za)

T 436,

suoljenby [erjuaiagi( [enred (¥ ¥ £°M38-D0) 0 03-1

¥ -9
aED) o) fr”’?“ )

a SR} JoySry Bungoarfoy
<

a
I
ﬁ[«-i+£_t][... A, a ﬂ}#

'&(,awa)[(.qwa) .

o (AP @ AI+(A°+ AT
T

o @aw+aae+adant o
T

3 17=40

(xq-H) Y+ 02" /9,,'_7=w

—@rw @+
3 (o g+ (o4
o+wq+""’+z'”

=Id

=Id

{
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Mathematics - IV

Putx =eX,y =e¥so that X = logxand Y= _cm.zmba:mnblll D=
ox’

pp=_°2
). G)4
[D(D - 1) - 4DD’ + 4D'(D’ — 1) + 6D']z = 3k +4Y
= [(D?-4DD’ +4D") — (D - 2D")]z = e +4¥
= (D-2D)(D-2D'-1)z =e¥X+4
Its CF = f(Y + 2X) + &¥f(Y + 2X)
= filog y + 2 log x) + xf,, (log y + 2 log x)

then the given equation reduces to

and

mma

= f, (log yx?) + xf, (log yx?) = g,(yx?) + xg,(yx)?

HUH — 1 1 Nmk.’ 4Y

D-2D'-1|D-2D’

T D-2p-1

1 mum.—n..kn where 8X + 4Y =u

u.lNN C Aoo-mﬁsuu &4) Hvsmw— —U:Hm—'oanmw— ggn—og

—

Hence the complete solution is

z=CF + Pl =g (yx%) + xg, (yx?) + 'c 44

where g, and g, are arbitrary functions.

Oﬂa 1.29. | Solve : (x?D* + 2xy DD’ + ¥*D'*)z = x™yn,

Y tX=logx, Y= ~om2§m_a«bml D= C
Let x = eX, y =¥ 50 tha x 3. and

& then the given equation reduces to
oXoY

[D(D-1) + 2DD’ + D'(D’ — D)z = e™*"¥
= (D*+2DD' + D?—D-D")z=e™*"Y
= [(D+D2—(D+D)Nz=em*""
= D+D)(D+D -Dz=e™*"¥
CF=f(Y-X) + (Y -X)
= f,(log y —log x) + xf, (log y - log x)

- (8 2) ot (108 2) (2] ()
Pl= 1 , ma_k::\
AU+U.XU+D.IC

DD' =

— H &._.rﬂ:;s
m+n)m+n-1)

_ R:-Q-,

m+n)y(m+n-1)

Hence complete solution is
z=CF+PI

RI—Q’ :
m+n)m+n-1)

= g,(y/x) + xg,(ylx) +
where g, and g, are B.Eg functions.

mo-eoua.-ﬂlunn...!alﬂumcna.i
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Mathematics - IV ulwug
DO-D-DD-1)+D-Dl=X ~(130,
= D*-D?)z=X

iEnrmmmroEommumocmmbmmn vﬁmmh%m_.ga&macmnob.ig Constap
coefficients.

CF=¢(Y+X)+¢,(Y-X)

1 1
and PI= = udu di
717 X =gy [#duda
where X=u
_qul ¥ Xt
=[G du- 6 6
Hence solution to eq. (1.30.1) is
Nu
2=¢(Y+X) +¢,(Y-X) + T
3
= ¢,(logy + logx) + ¢,(log y —log x) + cow.&

Therefore the complete solution to the given differential equation is

z=¢,(log xy) + ¢, Tom Wy + m (log x)?

= I.Y 1 ~ 3
z=fxy)+f, ﬁkwl_.m (log x)
where f, and f, are arbitrary functions.

©00©

Applications of Partial
Differential Equationg
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2-2C (CC-Sem-3 & 4)

Application of Partial Differentia) Eq‘latiom
; Clawﬁmtwu of Linear Partial Dzﬂ'euntml Equation o
cutene _ Order, Method OfSepamtwn ofVanable.

_| Classify the following partiai differential equation

2 2
a-x );:-hyai—;m-y’)ai-zuo

: AKTB 2015-16(ID),

2
a- x’)é-zxyhayau(l— 2)2:——22 =0

On companng above equation with 1deal form,
raza" Cﬁ# X, y,u— g: 6u)

0

A=(1-x?) =

B=-2¢y
C=(1-y?

B2-4AC= (- 20— 4(1 <221 - y2) ;
= 4y - d(1-y2 24 42 0/
=4r2yz—4+4y2+4x2-4:2yz) :*)
=4x2+y2) ¢

For hyperbolic : B2 - 4AC > 0, forleoryzlorbothx,yzl

For elliptical : B2 — 4AC < 0,forxandy<

0
For parabolic : B2 -

4AC =0, for any of x andy =15nd0

TT——

Mathematics - [y

HC(CC-sem-a&o
&z
=e cosy
ox Oy -(2.2.1)
Let z = X(x). Y(y)
where X is a function of x only and Yis a function of y only.
oz oY
i £ _x&
o oy
P2 X oY
oxdy ox oy
From given eq. (2.2.1)
_azﬂ =e*cosy
ox oy ) (
oX 0!
oy
Now e'% =k
X = ke~ *0x
X=-—ke“+Cl
and ﬂ =cosy
3y
Y = lt:os;yc'}_y
1.
Y= ;smy+Cz
Thus z=XY
z= (- ke"‘+Cl)[ smy+C2) e, ...(2.2..2)
Putting 2=0whenx=0 £
0=—k+Cl,

Fromeq.(222), *

) -, z= (— ke"’“ (+h)(‘]k;5my~+ 2
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&
AL (CC-Sem-3 & 4)

Application of Partial Uﬁ.mnmuam_ E

;
QO w Wm:u O+ ONV Mathematics - v 2-6C(CC-8em-3 & 4)
=
Fromeq, (1 ay
4
Yy
Solve by Separation of variables : log ¥ = -k 4 “
= R +C H
W +2232 _, Ve _ L
% Therefore the complete solution is,
u=XY
3 4 2 L4
= mﬁvﬂ+ﬁuw &HI»R&;¢QL = &AM|¢H¢O
C=C,+cC)
Solve wmm =2u + ou using method of separation of .
m&& & M > vf.
@ Ju /
Ox , variables subject to the conditions u = 0 and == e when x = 0 for -
ou
and -— =Xy’ v
oy .
Put these values in eq.(2.3.1),
iy m ex?x mH _ ww:m - W (241)
y . . : ax _ e
Dividing by XY, we get . ; ! Let ° u=XY .,..AN.A.B
v 2 _ ou_ w3 Ffu_ X
= e P I R S

| Fromeq. (2.4.1),
X oY
—=2XY +X -—
¥ on? & . .,
18X 10y 2
——=_-_%2 o
XY m.«.+.w ( “:m&.v)

- D -k X =0
! m-R=0
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———— &4 Applicationof Partial Differentjy

é _

O0=ke=(0+(C)
C,=0 z , Mathematics - [y 2-5C(CC-Sem-3 & 4)
e ————
F
OMeq(223), 2= pg_gx m a.& =(-e™)siny mwn = —y? hdy
Quezs, '
Oﬂi.\m‘ Solve by Se€paration of variables : log Y = L«QH +Co
4
+ x? w =0 Y ﬁn @4 +OL
=€
Therefore the complete solution is,
S B3 ﬁ
o 3 4 3 4
The given €quation is = mT .uW + nL NhL_ NAI + QL = n%nﬂ - wﬂw +C
QuWT&nm’: = @ —0u0_+0~_
Letu=xy s > "= du _ % ysing method of separation of
U =XY, where X ig a function of x and Y is a function of y only Holve .m”u. = oy . paration o
cu
— =X : o0
Ox Y variables subject to the conditions u = 0 an m: =e* when x =0 for
and ou =Xy’
By
Put these values in eq.(2.3.1),
u\uux& +x2x Y _ 0 Fu_ oy + (24.1)
dx dy . o oy
Dividing by XY, » We get Let u=XY .(2.4.2)
3 2 Y o° #2X
PdX __Fdy E Tiinaiaan s ov
X dx Y RU‘ . . Mﬂ =2XY+X M
dx 1 dY
= - k Amﬁ )
or 2 Xdx Y3y dy y Wn wumalumm = W m +2=(k?) (say)
dX !
. =k 1 &X
Taking 2Xdx
1
sy —dX = kx?dx
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— O & ) Application of Partial cs.easzz_ J
Atx =0, ua( ;
Qm O -y (©

Coe 3  t sz | Z::._:::.:ez -1V 2-7 C (CC-Bom.4 P
’, I'f]"l"‘“!’
1 «.x =0 | Now whon
‘9 - Q 1 . » -2
From oq, (24.9), _ | 1ﬂn wu.w. =k and «.vam = WM..
- AOq ~
U= Q- Ou PR (eh — o= ) , put xmel X = .mq.rr
U ;;—.. PRULEET (e™ - ™) | 0 -_141 1&% . .w»._%
Out . ...AM.A.AV t ..n...wv b Oz I afe P
e AN ety oy X _ixw0 |
A o
>~ X = C- l»w.m - »..Pg m = \—. .
o 'ﬂ *-. ;nlao““, % > N . ./Il h.—..»._
24, = e SN X = Gy ko
Wk=1 g *-2=-3 ™ & b X=Cpt
W\ oy r
A= 1 hai A mJ, +{When, ..l....:.,..v. = Ww. -
2%k V! k Y ; .
it 1
So, 4 = W lw»l =log Y -log C, /*/1
Thus from eq, (2.4.4), R S
. . Cy .
U= W.ua.aa?.:. -e ™Y Y= Cyev '
' Thus, u=XY R
Solve by the method of separation of variables : u=C,C .r.“.,..a *
u = Axteyh [+ C,Cy=4)
+t2yu=0. rb_—av.a. | Solve by method of separation of variable for PDE
_ &mm:+wmwuhn =20, u(x, 0) = 4e~,
X——+2u=0 | —=——
? . _ Given, x -l + . g 0 «(2.6.1)
Let u = XY, where X is a function of x and y is a function of Y only. &y
: : Assuming x = 3 in eq. (2.6.1), we get
u  20u
: : 3 —+ =" =0
Mw... B Q ¥ &. B .

Yis a function of y only.

i owausin v
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2-8C(CC-Sem-3 & 4) Application of Partial gmau_"g E
XY +2XY' =0 / Mathematics - [y 2-9
Dividing by XY, we get é
3 W s _ 0 ﬁﬂn 22, | Solve the P.D.E. by separation of variables method,
* e ]
0
3X’ 2y’ Upe=U, +2u,u(0,y) =0, —u(0,y) =14 e
or —_— = e = X y ] » .
X Y k (say) . ax
: X’
Taking 3=—=z
X ) u=XY ) «(2.7.1)
dx B where X is a function of x only and Y is a function of y only,
Xde ~ 3 ou_ 2 dy
—= = (XV)=X - xy-
@ = k dx mu\ m..\ &.v. .
X 3 i Fu & ex
On integrating, we get mm“. u%ﬁﬁ&u%%u
B From the given equation, ol
logX= Zx+logC, YX” = XY + 2XY P
\ X" _ Y42y \p ™
N" QH Nm.n N = H\ o
’ ” wi
Similarly, Y __k > = T +2=keay) 272)
Y 2 .
Y Taking .. X" s
_ Y "CE x-ix-o
. . = -_— =
On , we get, i Auxiliary equation is é
k - m?—k=0 )
logY=-=y+logC .
2 log C, | = m= +Jk
i .v
Y="Ce® | C.F.= Ce* 4 &
Therefore the complete solution : PlL=0
u=XY : X=Ce™ +Cpe ™ ~(27.3)
Wh Y . ’ 2 E
u=CCe .e? e Taking W...Nn»
C kb
A 2 i
u= n....»h.ﬁna 2 o «.(2.64) = Y k-2
u(x, 0) = C,C,e? : :
= n el ! = <k muw‘t.vu.,ﬁ..lwv&u. :
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2-10 C (CC-Sem-3 & 4) Application of Partial Different;,) Equatioy,

Mathematics - [y

. 2-11 C(CC-Sem.3 &4)
= C,+C,=0=C,=-C, (2.7 dT  cosx
From eq. (2.7. 8 most general mo_&s: is ) e FTi h &nu ==-p?(say) .(2.8.4)
AN e A
ulx,y)= C, C, Aa g vm; o ...Am.q.d d
g M&H = —-p?
& o 20,0, F o e)eten T
0Ox = dT = - b”mL&
© . . - = ~t
_ hmlzu =14+e¥= MQ~Qu /\MANV eh-2y MO: ek-2y Integration Yields, T=-p Hm o ~(2.8.6)
. ox =0 n=1 Also, k&mn - —Cosx
Comparing the coefficients, we get ‘ dx p
bj=1, k-2=0 1 8% e
= —-——40¢C
2C,C,VE = r k=2 | &=
L 1 .
C,Cy= 5 ,\u _ Integration yields, X=-gsinz+C, (2.8.6)
by=-1, k-2=_3 Using eq. (2.8.5) and eq. (2.8.6), we get from eq. (2.8.1), &
2C,C,JE = H. k=-1 ulx, t) = XT = ﬁ- % sin x + onu (P +C)  ..(287) / \
C,C,= .wl . Applying the condition u = 0 when ¢ = 0 in eq. (2.8.7), we get
i
Hence from €q.(2.7.1), the vm._.ﬁnEE. solution is . ) 0= Hl % sin x + Qnu (p*+ C)
ux,y) = —= w,\l x?é-@?%ﬁé&:é = Py+Ci=0 =C =-p?
ou 1 . u 2 -t
; . (2.8, —=|-= +C,| (- ) ..(2.8.8
= :An,v.vuﬂumg/\ma+m.em§a From eq. 2.8.7), ot h R A 288
2 t | Applying the condition
Solve the following equation by the method of : du
5 , %= 0 whenx = 0in eq. (2.8.8), we get
separation of variables mﬂwu = e~ cos x given that u = 0 when | 0= C,(~p2)
= C,=0
. — ineq. (2.8.7), ¢
i20 Dun % o Owhenso gl Substituting the values of Cyand C,in eq. (2.8.7), we ge
p— ulx, t) = - lu.sn. sinx (p% - p?) = sin x (1 -¢)
Let u=XT ..(2.8.1)
where Xisa ?unn.ob om x o&% andT'is a ?bnsou of ¢ oaw :
.(2.82)

(283
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Application of Partial Differentia) Equati,
ng

2-12 C (CC-Sem-3 & 4) | T
‘/ . n
. Mathematics - IV C-8 =
| Write the solution of one dimensional wave equat; s . 20 R I2 ) S
on, Caseii: m
Answer 182, 1 8T <
Ono &Bmumsg._ wave equation is given by When Xa? k" and CT & g m
Pu On%: i« s T . m = k? and m? = k*C? =
Py Py where C == -(29.1) m=zxkandm +kC =
— . d
T = Tension in the string. = X= Cse® +Cge™ m
m = Mass per unit length of the string. . st c
omw_cs.w_w _om one dimensional wave equation is done by method of separation = T'= Cre™ +Cae 3
Fﬂm: es. Thus u= (Cse™ +Cqe™™)(Cre*" +Cge*®) ..(29.4) »
u = X(x) T(t) (2.9.2) 1 X :
) ..(2.9. 1 8T
Where X is a function of x only and T'is a function of ¢ only. Case iii : When X a2 e T o 0
Differentiating eq. (2.9.2) partially w.r.t. x and i . m=0,0andm=0,0 [
Saliesinen (Si) y x t respectively and putting the | . / \id
’ = X= 0@ +0~c.8 and T'= Qu.w + QﬁNN \ w\\x\
Pu_ 4FT . Thus U = (Cy+CygtXCyy +C) (295
a2 ot The solution given by eq. (2.9.3) satisfies the one dimensional wave equation.
2u 2x Thus the required solution of one dimensional wave is given by eq. (2.9.3).
—_— = Tr—= ’ Now to find the values of C,, C,, C, and C,, which are obtained by applying
&N 5. [0 S | 2 3 4
From one dimensional wave mEWnMoa i b,
2T 25 X Boundary conditions : Let in one dimensional wave equation u(x, t)
X Mml = C &.M.«In is the deflection of the string stretched between two fixed points (0, 0)
. . and (1, 0). Let fx) be the initial deflection and g(x) be the initial velocity.
Separating the <n.:b~w“m. The two boundary conditions are :
18X 1 %n. w u(0,£) =0 i)
: a%s.meo (say) _ ul, 1) i)
. ! Initial conditions : The two initial conditions are
d 1 &1 22 u(x, 0) = fix) ..(iii)
ang —p— ——=- i
C2T ot | and ﬁ.& - a(x) )
I ! ol
ML T =0 - Initially if the stringis at rest, g(x) =0. Zaﬂgmaewonopmﬁuﬁemop (2.9.3),
=0 ; apply the boundary condition (i) to eq. (2.9.3). . R
E0 - 0=C, (G cos kCt + C, mﬁwg
Ct + C, sin kCt
(C, cos kx + C, sin kx) (C, cos kCt

+C, sin kCY) (293




- ~TvslUllere

%
k= 0%

From eq. (2.9.5),

I
n

. nmx nnCt
Omm54ﬁnm8m 7 +O¢m5ﬁu

Y «

. . nnCt
u mSIN ﬁbaaomj+w=m§=a9u

n=1 l I

l

Now apply initial conditions (iii) anq (iv) (297

D Ansin2E _ riyy

n=1 l

:
ou =~ nrC . n

and h ot Hla M 1 B, sin .W.R. = g(x)

I _,_Ho

The left hand side of the eq. (2.9.8) and eq. (2.9.9) ts Fourier s;
mxugﬂob of the right hand side. Thus ’ u.mv..mmmumoczm..msm

(2938

(29,9

27! . nmx

A =2

n= 7], f@sin T dx
and EMQ B,
Putting the values ofA and B, ineq.(29.7),
of one dimensional wave equation.

2 ¢l . nux
Ml.—.ow.ﬁkvms 4 dx

we obtain the required solution

‘. 4.10. | Find the deflection u(x,t) ofa tightly stretched vibrating

m.»n.mhn of unit length that is initially at rest and whose initjal position
is given by

sin nx + Wmmnaa.nv+ Wmmnaahrcm xs1

Given wave equation is, .

mm.v. 5y
a?
a

..(2.10.1)
Let y = XT, where X is

and

Substituti

is a function of  only.

Mathematics - v

2-15C (CC-Sem-3 & 4)
2 2
X o“T o &ﬂ.m X
) ot? ax?
Separating the variables
1#X 1 %1 )
X5 = o o k¥ (say)

(D* + k9)X = 0 and (D? + a?®T =0
m =z kiand m = + aki
X = C, cos kx + C, sin kx
T =C,cos akt + C, +sin akt

Thus y = (C, cos kx + C, sin kx) (C, cos akt + C, sin akt) +(2.10.2)
The boundary conditions are,

y0,)=0 m -

¥yLt)=0 \ /
Initial conditions are, -

2
h@n b0 =0
-, 1. 1 .
y(x, 0) = sin nx + w.mEGa& + 5 sin (5nx), 0<x <1

Putx=0,y=0in eq. (2.10.2),
0 =C, (C;ycos akt + C, sin akt)
. Qu =0 .
From eq. (2.10.2),
! ; y =Cysinkx - (Cycosakt +C,sinakt) ..(2.10.3)

Now W = C,sin ks - (~ak C, sin akt + akC, cos akt)
= ak C, sin kx - (- Cy sin akt + C, cos akt)
a)
(3),..0 |
0 = ak C, sin kx(C))

C,=0

. y=A sinkx-

Scanned with CamScanner



% S&4 Application of Partial Difforentjy) pa
2-16 C (CC-Sem-3 & 4) pp é
1 . 1 .

Now,t=0 y =sgin nx +.._w sin (3nx) + g sin (6nx)

)
A, sin (nnx) = sin nx +w gin (3nx) + £ sin (bnx)
which will be satisfied by taking

A = - andn=1,3,5
n
Hence the required solution is from eq. (2.10.5)
y= W sin (nnx) cos (annt) for n = 1, 3,6
%y mn
Solve completely the equation Frej Q»

355»5& the vibrations of the string of length ! fixed at both g&?
Given that y(0, ¢) =0;y(,) =0,y (x,0) = flx) and < &‘ ?..3 =0; O<x<l,

e S A

n.ro wave cncmmcs is

(2.11.1)

Let y=XT ..(2.11.2)
Where X is a function of x only and T'is a function of ¢ only, be a solution of
eq.(2.11.1)

&’y &y
Then, — =XT" and — =X"T
" ot o
Putting these values in eq. (2.11.1), we get :
..(2.11.3)
X'-kX ..(2.11.4)
When % is negative and k = - hn.

c0s Cpt + C, sin Cpt)
..(2.11.5)

Due to vibrations prob or o.».a and¢t.
Now applying b

anﬂ#oﬁw ) got

%) (C, cos Cpt + C, sin Cpt) _.

Mathematics - IV 2-17C (CC-8em-3 & 4)

——— st
0 =(C, cos pl + C,sin pl) (C, cos Cpt + C, 8in Cpt)
-LA2.11.7)
From eq.(2.11.6), we have C, =0 and eq.(2.11.7) reduces to
C, 8in pl (C, cos Cpt + C, sin Cpt) = 0
sinpl =0
pl=nnorp= % where n = 1,2,3,....
A solution of wave equation
y=C, hﬁu cos EMQ“ +C, 8in ::NQJ mmaﬁm
= hna cos Ewg +b, 8in Eﬂ\Qu sin %
where C;Cy=a,andC,C,=b,
= nnCt : ::Onv . nmx
y = :M—T: cos ——+ b, sin 7 ) 8in ==
...(2.11.8)
Applying initial conditions y = flx) and W =0, wheret=0 ...(2.119)
we have fo) = Y a, sin =|Mn. .{(2.11.10)
n=1
- nnC, . nnx
and 0= ) —b,sin— «(2.11.11)
n=1 N ~
Since eq. (2.11.10) represents Fourier series for fix), we have
i
a, =2 7 [y fesin 2 A21112)

From eq.(2.11.11), b,=0, noum__a
Hence eq. (2.11.8) reduces to
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2-18 C (CC-Sem-3 & 4) Application of Partial Umm.mnmuz&

‘Answer

UL ey, i

Let the equation of the string be
Pu _ g Fu
s
u=XT
12x _ 1 21 _ .
X o O o

X= OHoomwk+OumF~§
T= C; cos kCt + C, sin kCt
u=(C,coskx + C, sin kx) (C; cos ket + C, sin k(Cy)

. . . (2,121
According to given conditions, !

u0,t)=ulL,t)=0
u(x, 0) = fix)

) .-
. 0t/s_0 B

Applying u(0, t) = 0 in eq. (212.1),¢,=0
u = sin kx (A, cos kCt + B_ sin kCt)
C,C3=A,
C,C,=B,
ulL,t)=0

..(2.122)
where,

Applying

w=sin (2 T._ cos (222, 3, miss:

L
@l@ umth ain m:’ﬁ.w ﬁ.. sin 27CHE h...m%.llaao@

(2.12.3)
L _

Applying
From eq. (2.12.3)

.(2.124)
Applying

l

é ]

Mathematics - IV 2-19 C (CC-Sem-3 & 4)

e m I} frsin halﬁu dx .A2.12.5)

L

Thus complete solution is given by eq. (2.12.4) where A, is given by
eq. (2.12.5).

Write the solution of two dimensional wave equation.

.(2.13.1)

The boundary conditions are u(0, y, £) =0 ....5 - .,,l -
ua,y, t)=0 i) ,#u_“x.,\...\
u(x,0,t)=0 ..(iif)
u(x,b,t)=0 ..(iv)

The initial conditions are
EAR?.V.- 0) H\AH. v.v A<v

wzv ;
== = NAH_QV .(iv)
().,

| Let u = X(x) Y(y) T (¢) is a solution of eq. (2.13.1). Differentiating partially
i w.r.t.x,y, and ¢ and putting the values in eq. (2.13.1),

. 2 2 2
| xvZL - | yriX, xrlY
{ ot ox oy
Dividing both sides by XYT,
iy ' |H QN|N4.HIH||®&N.+IH|.&
Qnﬂ. mnu X .DHN Y m..v.w
1 %X 1 0% 1

Casei: When
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2-20 C (CC-Sem-3 & 4) Application of Partial Gm:.o.dszw_ E quayy
Ony

Where, k2 = rw +k...» /
Its solution is given by

u =(Cy e +Ce M NCy e + Oy NC e 4 Cg ey (o 13y

18X 10% 1 o1 .
Caseiii:When — %2 = 1971 _ 1 0T _
ase ii en P 0, Y o Oand T o 0

Itssolution is u=(Cx+C)Cy+CXCgt+ Cp) ...G.Hw.s

Mo_cao:o:aqo&-:oammoan_inﬁan:mao:mun?a:gnn. Am.uw.wv. Appl
boundary condition (i) to eq. (2.13.2), i

= 0=C,
From eq. (2.13.2), :
u = C, sin kx(C, cos k,y + C, sin ky)XC; cos kCt

+ C, sin kCt) -(2.135)
At x=a,u=0

0 = C, sin k,a(C; cos k,y + C, sin ky)C, cos kCt
+ C, sin kCt)
sinka = 0 =sinmn

b = Im

a
From eq. (2.13.5),

u =C, sin ﬁnm (C, cos ky + C, sin k,y) (C, cos kCt + C, sin kCt)

(2.13.6)
Now at y=0u=0
From eq. (2.13.6),
= 0= h.-u

..(2.13.7

Mathematics - [V

2-21 C(CC-8em.3 & 4)

Now apply initial condition (v)

flx,y) = ashsh.auum:ﬁ%u A

mn

R e R

+(2.13.9)
a b
Differentiate eq. (2.13.8) w.r.t. t,
ou g
b ushslﬂu aahalﬁv [-kCA,,, sin kCt + kCB,,, cos kCt]
a b

At t= C-MMMHNAH-V.V : \.n:

_ . [mnx) . (Any ..,,.w.w
8(x,y) =kCsin sin| — B,.. / o

. =
kCB, <22[%[%g(s, &mw.ﬁa:au %AEW dxdy .(2.13.10)
mr abdodo a b

Solution of two dimensional wave equation is given by eq. (2.13.8) and the
values of A and B_, are given by eq. (2.13.9) and eq. (2.13.10).

Que 2.14. | State and solve one dimensional heat flow equation.

N s e

One dimensional heat equation is given by
& _ 2 A2.14.1)
ot o
Let u = X(x) T(t)
183X 1 T _ .2 ,2
= 5= =" =-10
X & cra
The three possible solutions are : E
i X = C,coshe+Cysinks, T=Cye ¥ C"
ie., u = (C,cosks + C,sinks)C,e ™™
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2-2C(CC-Sem3 &4)

Application of Partial Differentiz) Equ

Now the boundary and initial conditions depend on the nature of
ﬁw.mm m nﬂuun ends of 2 homogeneous bar at

1=

the proky

Z2eT0 nmnuh-mwwﬁd,hm npo F..v -

lllll areuf0,t)=0,ull,2)=0and ,Wmﬁamuoob&sonr ulx, cf..»zJ

Case ii : One face at temperature

T e~

12 boundary conditions are uf0, ¢) = o

ull,ty=u_

and the initial condition is u(x, 0) = v,

Case iii : In case ofinfinit nite bar,

Thereis 0o boundary conditi

ulx,0) =

Case iv:Insulated faces

100 but only the initial condition is

fix)

Boundary conditions are u(0,t)=0

ull,t)y=
znd the initizl condition is u (x,0)=fix),0<x<l.

0

\IW,‘L"

Oﬂnn.ﬂm. _ Mggmgvmgwmg:nouswn&ozmbmﬂrma

whose end points are fixed at temperature zero and the initial
temperature distribution is fix)=100x.

Equation of heat in one dimension is given by

u _ 2
i ¢ o2
u = X(x) T(t)
Ne%x 1 %N 1 eT
.w =2  X&f CTat
Nuﬁnnommu+6~m5wu
and T= Cyetc*
2,
Thus, u = (C, cos kx + C, sin kx) Cye*C"t

Given boundary conditions are :8 c Ew =0

Put u(0,t)=0ineq.(2.15,1),

u lﬁnnuu.b.ma ¥

= -E2(let)

.(215.1)

s TN SRR

Mathematies - [y

-OCICCSen3 & g

Fromeq.(2.152),

._RIx 2202, —

2 s M i D
Apply initial condition u(x, 0) = 100z

400 - nxx _ 2,
Thus from eq. (2.15.3), u = MMI« 1 aﬂbqw:umn i

ﬂruow is perfectly insulated including the ends and the initial
temperature distribution isx(a-x),0<x<a.

{AKTU 2014-15(1), Marks 10|

~(2.16.1
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2-24C(CC-Sem-3&4) Application of Partial Differentis g
I/ﬁwgw
Thus u=(4, coskx+B,_ sinkx)etc?:

Given boundary and initial conditions are

ulx, O)=x(a-x),0<x<a

— =(-kA_sinkx+B_kcos hx) e+2C2t

Rl

Oumamm#wﬁ.ﬁ
=0

n

Fromeq.(2.16.9)

u=A coskxe*C -+(2.16.3)

0=kA, sinkqge*’c%
nmw

n

s Eﬁ-» n

u= 2 A, cos mﬂu e e e (2.16.4)
n=

Nowatt =0,

ux,00= 3" A, cos ma’a@

a

A= 2"z, 0)cos a’ﬁw&
a0 a

A = m.‘.ukﬁli cos ﬁ:’ﬁw dx
a’o a

-
= m?al} ha::’&-a-w&m.lﬁsmmmw
a nm a

n’n? a

...AM.Hm.Mv g

Mathematics - IV 2-25C(CC-Sem-3 & 4)

1onal heat conduction equation with

The partial differentja] equation of two dimensional heat conduction problem

is
Pu Pu 1 o
Nau +M.Q’N" %M von AN.H.Q.FV
The boundary conditions are
u(0,y) = u(a,y) = ulx, 0) = ux, b) = 0
and the initial condition ig
EAR-Q. OVH \HN- Qv

Let the solution be u=XYT
Where X is a function of x,Y is a function of ¥ and T is a function of ¢.

Pu a’X Pu_ . d% ou  XYdrT

o = g X T ar
Now equation from (2,17.1)
d’x d’Y Xy ar
YT —-+x17= - _ AY aT
dx? dy’>  C? dt
1 dX 1d% 1 gr

"X @'Y “orar
(Dividing by XYT on both sides)

Since X is a function of independent variable x, Y of ¥y and T of ¢, there are
three possibilities :

: 1 d%x 1 d%y 1 4T
i ——5=0,=-—%=0— %L _
X dx? Ydy* “cir dt
: 1d°X _,21d% ., 1 47 ,
ii. TR il L
X di? Y g2 & C%r dt
1 d?x 21d% ., 1 ar
—mm. —_—=} o=k, ————=_}
X dx? Y dy? = C*r dt
Case: NuOukl_.Qu.Man.&.thﬂ.uGu
Thus u=XYT
=

u=(Cx+C)(Cy +C)C,
e e N
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2.26 C (CC-Sem-3 & O Application of —.«-i_M»yn..u Differentiy)

B e et
gy o CY -
= 4w —H.._ ..7—.- + m,.u ..sva-:n..u .o.‘~ + A..- 'y -Nr [

Case iii XelC coshao ¢, sin k, x,

L}
Y « Cy con byy + Cy i kyy, T w Cy =€
we(C coska e C, osin k) (C, con ky

+ C, sin r~<-ﬂr Ty
Ot of Whese three selutions, we have 1o choose that solution which say :

the beat equation Accordingly, case Uil is sccepted here.
welC coskyeC mn k) (C con ky
«C,unky)Cy e 2173
Now we spply boundary conditions on puttingu = Oand x = Oin eq. 217y
e gvt
0= CC,conky + C,pinky)Cy € ¥
C,=0

The og 12172 reduoes 10
W= (Cpninky)(Cseoshyy + Cyninkyy JCye <
e b e 6B hx(An, conhyy ¢ B sinkyy)e 4O
Mom g

3
L

z=e,u=0

0= winba( A coshyy « By sin by e+

wnk o=0spnme

;MR
h. ——
9
Frosumg (21733,
. {
CER lm.i,w:.lﬁ!k?q » B sinky]e ™™
~AR YT A
Naw 8 yoBhe=0
s A =@
ant 42 . yedbus=0
sk b= Usanen
ke %

Thoew fream oy 12 57 43

whore

2-27 C(CC-Sem-3 & 4)

Now the initial condition u(x,y, 0) = flx,y)

From eq. (2.17.5),
. (m=x) . (nny
fix, y) = waaﬂnﬁ n vuﬁﬁlwlw

22 acb {m=x) . (nxy
B =22 : ﬁ u ﬁllu&a
where -3 .—c —c f(x,y) sin ——jsin| =5 Y
Solution i3 given by eq. (2.17.5) and value of B_, is given by the above

nnchnaa.

DIQE_>l~.§v—hnorrogg-@.z.sklc.wlouuug.wlwc. i

—mu faces are insulated. The temperature along the upper horizontal
edge is given by u (x, 20) = x (20 - x) when 0 <x < 20 while the upper
three edges are kept at 0 °C. Find the steady state temperature. e

[AKTU 2016-17, Marks 10 |

Its solution is

uix, y) = hh..nonna +C,8in px} (C e + C e~ ™)
ui,yr=0

0=CUCe™ +Ce~?)

C,=0

six,y) = C, sin px (Cy? + C 2 " 7)
w20, y) =0

0= C,sin20p (Ce”™ + Ce™™)
siaZip=sinnr=0

Then,

e
P %

-

sy} -.-ﬁ mm.ﬁnﬁm# hwnmw..;..”.,
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Application of Partial Differeng;

I
nnx

=sin 2= (A +B
cmeo$+v

2-28 C (CC-Sem-3 & 4)

A=-B

u(x,y) = Asin &n PENPN M

The most general solution is

u(x,y) = Mm. mEqumer

& 20 20
u(x, 20) = Mv sinh nn sin mﬁ..
n=1 0
= x(20 - x)
where, b = 2 =
; mcxmsri?mo Dsin o5 xdx
i . EﬂJ ?Sm:aa/
= —_ —x? 20"
20 sich x| | 20 = )| — .:8 - 2x) dx
20 /, wo
i 1 20%
= Omnh s xﬁwmﬁwc|mk:8mnwkkk
20
2 sin 2% x 2 \mm:,an
= — (20-20) —20_{ _ (g 20" |,
nn sinh nx nn ? nn
20 J, 20
cos % x
il el 2
. 4 L 20 20" [__4x20 ? oo.:av
nzsinhnz  n=n nn n’n’ sinh nn 20
20
3200 , when nis odd

= {n'z’ sinh nx

Mathematics - [y

2-29C (CC-Sem-3 & 4)
. (2n+1) . . (2n+1)
w ———xsinh ——=°
M sin 20 X8 20 my

St 2n+1Psinh(2r+n

?
Que 2.19. | Find the possible general solutions of two dimensional / =
H.mv—moo oﬁ:ﬁ-oﬂ using method of separation of variables.

Laplace me_m:ou in two dimension is given by

2
Pu u .(2.19.1)
Let u=XY .(2.19.2)
&
Then, @.‘IM =X"Y

&u

B
Substituting ineq. (2.19.1),
X'Y+XY'=0

or Wh = |.N....|imn$ ..(2.19.3)

Now —-kX =0 ..(2.19.4)

+RY o
=0
Solving eq. (2.19.4), we get

i s...n?ia%.i?u.
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2-30C (CO-Sem-3&4) _ Applicationof Partial Diforential .
Ony

2

ii. Whenkis negativeandk =-p
X=C

ili. When k=0
Nuﬁx+0&%n®%+9

Thus, the various possible solutions of Laplace equation (2.19,2) are

,cos px + C, sinpx, Y =Cye” + C em

u=(C, e +C, e*)(C, cos py + C, sin py)

Am.Hw.Q
u = (C, cos px + C, sin px) (C,e” + C, e™) - (2.19)
u=(Cx+C)(Cy+C) -(2.19.7)
m,n.cS these three solutions, we have to choose that solution which iscong istent
with the physical nature of the problem and the given boundary conditiong
Que 220, | Solve: 2%, 22 . i
! o ve : P + % = 0, subject to boundary conditiong
u(0,y) = 0 = u(n, y), and u(x, 0) = u, Lim u(x,y)=0,0<x <.
¥y
Answer
2 2
Given, mlm + mlm =
PP
Let, u=XY
2 2
Y ﬁ + k.ml.% =0
o oy?
1 0°x 1%y,
Xo? =Yg H W)

X =C, cos kx +C,sinkx, Y =C, et +C, eV
u = (C, cos kx + C, sin kx) (C, e’ + C,e™)

(2.20.1)
w(0,y)=0

0=C (Cyjer+C,e™)
Ci=0
From eq. (2.20.1),
u = pin kx (A eY + B eh) .(2.20.2)
u(n, y) =0
sinkn= 0= kmn
uuninng (A e+ B ¢
.__:wu u(x, ¥ = c,..:‘%r:a_. only when A_ = (0.
From oq. (2.20.8), o ;

o wM.«m..,..é.:r. nx

«(2.20.3)

(2.204)

v s e

Mathematics - IV 2-31 C (CC-Bem-3 & 4)

Now ulx, 0) =y
M“ua sin nx

us
B, W.‘_.“:ommnaa&hulnacﬁncw:k,‘—c o T2 |1 -1

n n n n

u

i

0

Thus from eq. (2.20.4),

n M 1w=¢ _Tcalu_a-immbzk
nn

=0, subject to the conditions u(x,0) =0,

Y = C; cos kCy + C, sin kCy
u = (C, e" + C,e™*) (C, cos kCy + C, sin kCy)

.(2.21.1)
This solution will satisfy given differential equation.
Applying u(x, 0) = 0in eq. (2.21.1), we get
Cy=0
u=(A, e +B, e*)sinky (2.21.2)
where C,C,=A,C,C=B,
Applying u(x, 1) = 0ineq. (2.21.2)
u=0=gink :
ke=nn :
= (A et 4 B e ") ginnny (2219
Applying u(e, y) = 0 to .
As x —» w, u — 0, this is only possible if
.. ; A =
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2-32 C (CC-Sem-3 & 4) Application of Partial Differep

% .
u= Y B, e*"™sinnny Mathematics - Iy

@9 2-33C(CC-Sem-3 & 4)
. el
Applying u(0,y) = u, 4 W_amo ¥y=0,Y=0= C,=0
: . ’ ¥y=bY=0=C,=0
| uy= B, sin nny .9 Y=o = %
s F us, u = XY = X(0)
-\ where, B, = m_.c Ug sin nny dy u = 0 (not possible)
N = 2u,[- oomaa,_w =-2u, (cos nn-1) Caseii: |Wm - PNNH\«N (eay)
B, = 2u, (1 - cos nr) X x? Y g2
| From eq. (2.21.4 = - —knmx od
| q ) u= 3 21y (1-cos nm) e gin pny WHIMJ;»N -0
\ One . . 0*u 0% .
Osnwc munm. Solve the Laplace equation %...% =0ina rectang, and WWl B2Y =0
in the HQ.EE.@" 0<x<aand0s<y<ph satisfying the followyy, X=C,coskx +C,sinkx,Y=C,e" + C, e
boundary conditions ulx, 0)=0,u(x, b)=0 and u(0,y) =0, u(a,y) = fy If ¥y=0,Y=0 . )
i - C,+C,=0 NG
| [AXTU 2015-1601, Maris e &
ST > 4 g
| and Y=0aty=5
. 0=C,e**—-C, et
Given Laplace equation is ' Ou (e* — g-kd) = cw :
$+ 2y ] C,;=0,C,=0,Y=0 (Not possible)
ot o ~(2.221 Case iii : |WH~.%,.M = WNW" — k? (say)
Let u = XY, where X is a function of x only and Y is a function of y only. mnku C Wﬂ +C, e,
QNN 1 2
,,wu . Y = C, cos ky + C, sin ky
WN ox At ¥y=0,Y=0,C,=0
and Fu _ %’w Y = C, sin ky
% oy At y=bY=0
From eq. AN.N.,N.C. , 0=C,sinkb
w.!m..nwn.vunmuc Binkh = 0
cx oy? kb=nn
12X 1y : =
X && = ﬂ% : b :
: . 5 = . nmy s
Casei:  _1FX 12y . Thus, 4= Ce+GenCERT
X ox2 |-m.<u At -~ x=0,u=0 :
1 0=+ CCuEn ™Y
+C. =0 .
and 1
Y
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9-34 C (CC-Sem-3 & 4) Application of Partial Differentiq) macmzo
: Ny

— Bt

From eq. (2.22.2),

u= “QLQ— AGP—. -€ vﬁ:ﬂﬂ

H
1} "
g [
o &
-
>
Sl !
~
o
2.
=
Ve
=
0‘,.5_
S—
~
11
£

Let b
At x=a, u=fy)
Tlaaz (2.22.3

b |
.= | xcvmmaﬁbu& (2.22.4)
0

Thus, w= 3 bysinh( %) sin 1)

where b_is given by eq. (2.22.4)

Que 223, [ In a telephone of wire of length [, a steady voltage

distribution of 20 volts at the source end and 12 volts at the terminal
end is maintained. At time f = 0, the terminal is grounded. Assuming
L =0, G = 0, determine the voltage and current where uwavo_u have
their usual meanings.

.(2.23.1)

Here, u«. =

Mathematics - Iv 2-35 C (CC-Sem-3 & 4)
‘\ll]’f
V,= 20+ Ea
8
<- = MOIMN = a\AR.cu
Vix, 0) = 20— WH (2.23.2)
Andlet V. '= steady voltage after grounding the terminal end
(terminal voltage = 0)
Vi= 20- mwu 2239)
Vi, )= V!'+ V(x, 1)
Vix, )= 20-—= mou + Y b e uPRC msh 3 (2.23.4)
Putting t =0, V(x, 0)is Ecou by eq. (2.23.2)
From eq. (2.23.4),
moan olmb.TMo:mSm:aJ
,zu - ; ﬁmu
— = Mv: sin| —
—'umﬁﬁmh
< 2 (- Loosn) Pl
b = ~|uThl pra cos 7 + I sin 7
2
A |:~|oom nn|= IWTC_.
~» nn nr

= NIhAIC?é
" nr
Thus from eq. (2.23.4),

Vix, ) = we|nuw|a+M|T~,1$ -n?x2t/1ZRC mEhEJ
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2-36 C (CC-Sem-3 & 4) Application of Partial Umm.mnmbzm_ E

On integrating
L.Nawn
.20t 2412RC 1 2 RC ﬁmmu +A
- L ¥ n? n2L1 MAIC ¢ . l .
Att=0,i=0,A=0
-n2 22,
. 20t 24lRC n+l. 12 RC h :ﬁ.nu
= —_— IHV e C _—
Ltz 7

Que 2.24. | Find the current i and voltage e in a line of length Lt
seconds after the ends are suddenly grounded, given that

V5, 0) =iy elx, 0) = ¢ sin =

Also R and G are negligible.

Since R and G are negligible, transmission line equations becomes
de o
—=-L — .(2.24,
F™ = ( 1
o de

gﬂ —_— —_— senel, .
o % (2.24.2)

For elimination of i &m.mnouz»:nm eq. (2.24.1

) partially w.r.t x and
eq. (2.24.2) partially w.r.t t, we have

Fe_ O i e

o’ oxot " tox o

de o’
Hence, P LC P «.(2.24.3)
The initial conditions are i(x, 0) = iy elx, 0) =, sin wm w(2.24.4)
Since, the ends are suddenly grounded, the boundary conditions are

e0,t)=e(l,t)=0 «:(2.24.5)

Also = i, (constant) when ¢ = 0

oL Oe

22 = 0 which n:.oum.. 0 .ﬁ..—aﬂ t=0 ..(2246)

Now let e = XT'be a solution of €q.(2.24.3) where X is a function of x only and
T'is a function of ¢ only. s

i

i

Mathematics - IV

2-37C (CC-Sem-3 & 4)
AMNN . 2 2
ﬂ&q.‘.ﬁukMOgQ M&IN.+M»’Q T=0
X= C, 08 px + C, sin px
T= Quncm .z\ﬁﬂ%q.i.ﬁ. mmﬂqwhnm‘

e u.xd.ua_ ¢os px + C, gin px)

bt . pt

C. v -(2.24.7)
ﬁ unomqm.fo.ms,l\wum

QuucgﬂﬁHBI

Eq. (2.24.7) becomeg

or

where

Ce
ot

~=.= being an integer

e=C mEEhQ cos X +C, sin rg u
T\ e o IJIC
e= E:mmﬁbgm L + Bsin Eau
" l IJLC IJLC
(2.24.8)
A=CyC,andB= C,C,
e nnx(  Ann nnt Bnn

. nnt )
ot U\ Wi M Wie f e O NLC)

Since — =0 when ¢ =0, we get

B=0

Fromeq.(2.24.8) e=Asin M™

By superposition,

But

l
e= Mb..mmb

n=l

e = e, 8in I_wm

qoin = 34, sin

Aml

cos %
IJIC

nnx

nnx ;
—_ also a solution
I cos qﬂ! 18 a 80,
whent=0

nnx

l
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2-38 C (CC-Sem-3 & 4) Application of Partial Differentq) E

1/‘:59;
Integrating w.r.t. ¢, regarding x as constant
e nx IWWLC . nt

= =—C08S —"

E N T m:w~ NnO + \.ARV

. . » (2.9 8
where flx) is an arbitrary constant function. . ]
Since i =i, when t = 0, we have i, = 0 + fix) or flx) =i

From eq. (2.24.9), we have

. Cc w . nf
= Jlaemamqwsa

3
?E Solve & ﬂ =LC m&«u

@ 0

assuming that the initial voltage;,

V, sin MH:..?..ucgu<non~p~—oauuaancgmnn:.onw_:.

-Mcn Ve xr

. ..(2.25),
where X is a function of x only and T is a function of ¢ only.

e &

&Y o TX" and Er=Tx

éx
Substituting in the given equations, we nnn

TX" = LCTX”

y -

]u |n|»
X LC =P (say)

L .;M]:"!bu \/‘n¢ﬁnkﬁc
\r = C, cos px + C,8in px

. T P

L LC =~ N
TP T eioT=0

T= ..BQ%P,'Q.&:*P

Hence,

v -:

Boundary conditions

Mathematics - v 2-39 C (CC-Sem-3 & 4)

i L +C, sin pt
From ed- (2.25.2), V= C,sinpx | C, cos Jc < JLC
..(2.25.3)
. pt . pt
Vi, t)=0=C,sinpl hh.u cos =+ C, sin ]hnu
2 sinpl=0=sinnn(n el)
_nn
Tl
Hence, from eq. (2.25.3)
t
V=C,sin ‘HO cos N,\ln +C, sin Nm.“.“_ ...(2.25.4)
oV ‘nnt nnt
—=0C, in — +C, sin g
. a Z.ImS ﬁ Om57\l IJLC
Att=0,
0=C, Z' sin 2= ¢,
C,=0
mmunm from eq. (2. wm 4),
V=C,C, sin 2% ...(2.25.5)
= cos N,\l
Now, Vix, 0) = V;sin q =C,C, sin |~=.M
Comparing, we get
C,Cy=Vyandn=1
Hence, the required solution is
- . X nt
Vix, t) = S_Ead..nowmﬁln
©e0
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8-2 C (CC-Sem-3 & 4) Statistical Techniques 1

Tt fe . [ParRT-1]|
awa?o&gag : Measures of Central Tendency, Moments,
oment Generating Function (MGF), Skewness, Kurtosis.

Oﬁamﬁoﬂn.gwﬂawu.

: ,. Long Answer Type and Medium Answer Type Questions .

Que 3.1. | The first four moments of a distribution about the value

4 of the variable are - 1.5, 17, - 30 and 108. Find the moments about
the origin. P

N

‘Answer e
Given: u'==15,p,' =17, py/ =-30, p,/ =108
A=4
Moments about the mean,
x b =0
By = By — (1)

 =17-(-15)2=14.75
My = My’ =8 'ty + 200, )
=(-30)-3(-15(17) + 2 (- 1.5)3=39.75
Hy= 1y —4Hy Ry +6 (P () =31
= 108 — 4(— 1.5)(- 30) + 6(- 1.5)2(17) - 3(- 1.5)*
= 142.3125
Moments about origin,
v =A+p = 4-15=25
U= Pyt (v)?=14.75+ (252 =21
Vg = Hg+ 30 05— 20,3
=3975+3x25%x21-2x (2.5)3=166
v, = My + 40U - 6v,%v, + v,
142.3125 + 4 x 2.5 x 166 — 6 x (2.5)2x 21 + 3 x (2.5}
= 1132

| Define skewness and W&oumm of a distributio
moments of a distribution are 0, 2.5, 0.7
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Mathematics - IV 33¢C AOO.me.w &q)
Kurtosis : It tells whether the distribution, if plotted on a graph woy)q i
us a normal curve, a curve more flat than the normal curve, or more vmm_n”m
than the normal curve.
Numerical :
Hp=0,1y=25,1,=0.7,n,=18.71
: g2 _ (0.7)2
§ Coefficient of skewness Bp=- = ——3 =0.03136 (+ ve)
u p  (2.5)
\ The distribution is positively skewed.
| Kurtosis (8) = 24 = 1871 _5 9936 3
y ) (2.5)
The distribution is platykurtic.
Que 33. _ Find the M.G.F. of the random variable X having the
following probability density function
x 0<x<1
Fx)= {2-x 1<x<2
0 otherwise

Also find mean and variance of X.

Moment mm,mmwwmbm function is given by, .
M (t) = E(et)

= .w».mn dx + .M.Aw - x)e” dx + H__._,oh: dx
[} 1 2

2
@F
i

1

[}

Now

Il

C (CC-Sem.
3-4C(CC-Sem-3 ¢ 4) Statistical Techniques 1
& aﬁ ot u 1
< = — = —] — —_— [
2= M= 55 3
mebumuﬂum.
2
<N~.mmbhmﬂ~s =V llmﬂ.W!m..ll.P
T

Que 3.2, | The first four moments of a distribution about x
1,4,10 and 45. Calcy]gt

upon the skewnegg an
‘Answer |

Given: n'=1, B

=4 are
e the moments about the mean and co

mment
d kurtosis of the distribution.

uﬁqtu.uuombnt*.u»m.au» > ]
Moments about mean : . .

n, =0, Hp=p) —(n?=4-(1)2=4-1=3
My =py =3’ My +2(p P
10-3(M@+2(1)2= 10-12+2=0
By = 4+ 6 (0, 2 () -8 ()
45-4(1)(10) + 6 (1)2(4) -3 (1)
45-40+24-3=96

n

My

Coefficient of skewness :

> S
{_n
= =2
2
Coefficient of kurtosis : -
W = % =2.88 <3, i.e., curve is platykurtic.
2

| Find all four central moments and discuss skewness

and kurtosis and also Karl Pearson skewness for the frequency
distribution given below : A

Range of Expendin ¥ (100Vmonth | 2-4 | 4-8 6-8|8-10
No. of Families : :

10-12
®

i
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Mathematics - IV

3-5C(CC-Sep,

Moments about mean are given by

25
ﬁm - o
sl 2\v2 2 8
mm. N A'e & S
o=
-
= =Y
+ | < v
® ™ o
< N~ s 21 %
3 ~ < S & -] )
[ e
u D - (-2} - ~
< W
3 e ©
._/ v w =] w 0
x\ Q ]
o BN
< S 8 o © |[I3F
I X QD o - I
N N - A= )™
3 [ AR g
S Wm.:
3
®
I “u ) © © M
3
PN PN
o
Bt ® 3 o I %2
I e 4 o = S n_..lu
3 i - © - :W__
s b2
L
< ©
rﬂ_u/ - T o w ¥
< <
oz o |V%
g - (=] N > w |
<R N P
U.
=
TE
= S N
LR
R ) ' o~
M =
i M/Q .,l..f
) 2
™.

S(CCSemag,

3-6C (CC-Sem-3 & 4) Statistical Techniques I
, o Hx-4) - =36 _
v ¥ Iwoco = —-0.036
, _ I&=—AP " 3728
W\n X 1000 = 3.728
, _ f(x-AP 1344 If(x- A _ 35456
W 57 = g =1.344, .ta - 5 = 1000 = 35.456

Central moments are given by

S
IHHO

1y = Wy—p', 2= 3.728 — (= 0.036)2 = 3.7267
—_ ’ r ’ ’
LSl E Rt TTOR B T
= 1.344 - 3(3.728) (- 0.036) + 2(- 0.036)3 X
= 1.344 + 0.402624 — 0.000093312 / X
Hg = 17465
\\k: = WA + B 2 3y ¢
= 35.456 — 4(1.344) (- 0.036) + 6(3.728) (- 0.036)2

N
-

-3(=0.036)*
= 35.456 + 0.193536 + 0.028988 — 5.0388 x 10-5
u, = 35.6785
2
Coefficient of skewness, B, = tlw
B = (1.7465)
' 37267

B, = 0.0589 (positive)
The curve is positively skewed. :

Coefficient of kyrtosis, By= rlw N mm.mqmmm
. Mg (3.7267)

S Py=2569(<9) ie., curveis platykurtic.

Measure of Karl Pearson's skewness is given by
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Mathematics - IV 3-7C(cc.

2
‘M (x-A® (If(x-A))
Standard Umimaosﬂmb.vn’“ f HM\. ..r 57 y

3728 ( -36 )
1000 1000

= |/3.728-0.001296 =/3.726 =1.930

Karl Pearson’s coefficient of skewness = 3(Mean- Median)

S.D
g . 36.964-6.874)
= 1.930
027
S, = ——=0.139
1930 1398
Since m* >0

7. Distribution is positively skewed.

Que 3.8. _ The following table represents the height of a batchq
100 students. Calculate skewness and kurtosis :

Height (in cm) | 59 |61 63|65 |67(69|71|73175
No. of students | 0| 2 6|20 |40|20| 8| 2| 2

3-8C(CC-Sem-3 & 4) Statistical Techniques I

Moments about 67 :

ny'= th :v h uhmu (2)=0.24

100

‘ ?Nu , :xu
= | el g _(184) 656
Hqy h h hHOO (4)

. ?uu 144
T hM 1-222  8=1152
y =100

- M\..J . 1100
Hy h h* = 100

x 16 =176
Moments about mean :
"= 0
Ho= py' — _,:.N =6.56-(.24)2 =6.5024 i

My = Mg =3y 1y’ + 200, /

= 11.52 - 3(6.56) (0.24) + 2(0.24)3 = 6.824448
M= 1y = 4hgy + By 2 =3t
= 176 -4 (11.52) (0.24) + 6(6.56) (0.24)2 — 3 (0.24)
= 167.19798

Coefficient of skewness, B, =

FulFe

_ (6.824448)’
(6.5024)°
Hence, the curve is positively skewed.

=0.1694 (positive)

Coefficient of kurtosis, B, = .”W =3.9544>3
2

Hence the distribution is leptokurtic.

(PART-2 ]
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Mathematics - IV 3-9C AOO-mmS.w &4
———m3gy

Que 8.7. | Use the method of least squares to obtain the Rormg

3-10C (CC-Sem-3 & 4)

Statistical Techniques 1

: n 2 3| 4|5 |6
equations and fit the curve fory=—"+ e,Vx to the following tabjq H 14 | 17| 20 | 24 | 29
of values : Y et Ul
x 01 |02 |04 |05 |1 2 Equation of parabola, y = g 4 by 4 cx?
P 21 1 7 6 5 6 Normal equations for the parabola are:
Ly = na + bIx + cxx?
T Ixy = aZx + bZx? + cXyx3
bbbl Zxly = aZx? + bx® + oxx
Normal equations to the curve y =%, &,\M are E Y Xy x* x3 ! -y
x
i 1 2 14 28 4 8 16 56
y _ 1 3 17 51 9 27 81 153 4
= =c + —
il D2 aX; 4 | 20 | 80 16 64 256 | 320 g
1 5 24 120 25 125 625 600
Yyl = Aw..MﬁimM x 6 29 174 36 216 1296 1044
x
Table of values is : ‘ Ix Zy Zxy Zy? Ex Iyt Zxly
= e - — =20 =104 | =453 =90 =440 =2274 | =2173
\ % y . %m« : e Q QM : g Substituting the values in normal equations, we have
S — 104 = 5a + 20b + 90c “n=5
0.1 21 210 6.64078 3.16228 100 =9 N gy
0.2 11 55 491935 2.23607 25 453 = 20a + 90b + 440¢
04 |7 175 442719 | 158114 6.25 _ 2173 = 90a + 4406 + 2274
owm M Mw a w&wah - 1.41421 4 On solving, we get
L i LR | 1 a=11,b=0.843 and ¢ = 0.357
2 6 3 :
m hmmnm c.qoq: 0.25 , So the required equation of parabola is given by
: 11 + 0.843x + 0.357 x2°
\Wu...u \ \ X(y/x)=302.5 Mw,\n 8 71524 Munu 10, ~82 r1 _1365 - :
Substit L b : RQue89. | Using the least square method, fit a mooon.— nwnnoo ;
ubstituting the values in normal ma:msonu ik : vo_aioﬁmn— from the following a»:_ 2
: : :
. 302.5 = me.mno,? H. i (8.7.1) m i 0 1| 8 M.. 2 : o
an 33.71524 = 10.10 6872 .
Solving eq. (3.7.1) and eq. (3. :

Hence the Ba_.E.om
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Mathemutien - 1V

_ worada? : a 12 C(CCHom.;
Ny = e IR g2 (COHom-3 & 4) Buatisticnl Techniques |
Yy = atat AR DN e R Eaemme
e i v k R e
e L s i v N BRGE far ” . Y Xy X*
— TR (') N xy : o ) ) T SE— R atacibiriion i it
S I st T e s A e — 0.6 | 1620 040107 3.20007 0.000616 () (530085
q . 0 0 1| 1000 0 " : y
0 12.0 0 0 _ o | o 0.1 o ) )
| 0.6 | | 1 10,6 _... p L1600 281606 060621 008101
3 0 I ! 16 20,0 a0 4| 0401 040108 21928 0BA0H | 008062
2 Y . or #1 24.0 i “.h | 620 05507194 2116 1.0B0K0O 0,108
J 50 Y “ : oy Ha0 O N P 206216 127046 022764
A 7.0 (] 2h0 28,0 112, , : ‘ ,:
h " 90 G20 40,0 200,() Totnl X s 1,061 :“. :\ - :..\.E...E LXY = 210106 0X7 w0 050820
‘ 6 .5 30 1206 A0 210 Hore, m = 6 o e
‘ 1 8.6 4 2401 59,6 416,56 Substituting the values in normal equations, we get
8 0.0 64 A096 72,0 66| VL2ZBIT:8 = GA 4 106116 8
2 A_RT70 | Ym0 | Tolo 15 d 213196 = LOGLIG A + 0.698825 I8
Ya=d6 | Ny=B0.6| LaZe04 Y eBTT2 | Yy =209 | ¥atya1ggq] “_"“_ iing, 575 ok Sk il A
 na® | o As 299911 and B =—0.70298 .
Putting value in normal equations, wo havo 1 | -
f'me= o - -~ = 1,42262
204a 4+ 36b 4 e = 0D W89 B 0.70298
12960 + 204 4+ 36c = 299 (399 Agnin, log K = yA = 4.26629
’ a0nh o ¢ - ol K = antilog (4.26629) = 18462.48
87T2a + 1296b + 204c = 1697 (899 Hence required curve is
On solving eq. (3.9.1), oq. (3.9.2) and oq. (:3.9.3), pul L 2 18462.48.
a=018, b=-18b, c=12.18 Que 3.11. _ Determine the least square approximation of the type
The ' 2 . 1% ‘ .
. ym idEg" =3 4812.18 ax® + bx + ¢ to the function 2%, at points x, =0, 1, 2, 3, 4.
At x =060
.
y =176 ‘Answer
. Here y=2=ax?+bx+c
Que 3.10. _ Fit the curve pvt = K to the following data : Normal equations for the given curve are,
Tyx? = a¥xt + bxd + cEx?
pkg/em?® | 05 | 1 1.6 | 2|26 | 38 Tyx = aXx® + b¥x? + cix
= aXx? + b¥x + mc (Here m = 5)
litres Y’ 0 . Mv. a
p Cltras) 1620 | 1000 | 750 | 650 | 620 | 460 Table of values is,

Answer _

Taking log,

which is the form
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ematics - IV

Math 41 = 30 + 10b + Be .mf
" H.HAQ. b=-0. 971 and C = Hmwa \
On solving, y=l 148x2 - 0.971x + 1.286
al equations if the
Que 3.12. Determine the :cn.“:m . ¢ Cury,, a,
verny TN e
is fitted to the data (xp i ’ 1t thiy Curve E_g
data: \
4
14.1 | 198
Answer _
Normal equations are,

Txy = aZx? + bxx? By
and sxly = aZx® + bix? ...Aw.s,s
Table of values is
B 7 0 v [

1 1.8 1 1 1 18 | 5
2 [ 51] 4 8 16 10.2 M
3 8.9 9 27 81 26.7 80.1
4 14.1 16 64 256 56.4 2256
| 5 | 198] 25 125 625 99 495
[Total 5x? =55 £x® = 225 | 5t = 979 | Txy = 194.1 | £ty - gy

Substituting the values in eq.(3.12.1) and eq. (3.12.2), we get
194.1=55a +225b

and 822.9=225a+979b
On solving, we get a= 83.85 = 1.52and b = 317.4 = 0.49
55 664

Hence required paraholic curveisy = 1.52x + 0,49 x2

Que 3.13, ~ Using the method of least square fit a curve of the for
¥y = ab” to the following data ;

x 2

g C (CC- §
3-14C (CC-Sem-3 & 4) Statistical Techniques 1

. Y=A+Bx
Normal equations are,

N.u\1=>+~wvtx

[ |

] o
MH_«.H>‘N.“H_+= .N.,u.u (Here n = 5)
x y Y=logy % %Y, /
2 8.3 2.1163 4 4.2326
3 15.4 2.7344 9 8.2032
4 33.1 3.4995 16 13.998
5 65.2 4.17175 25 20.8875
6 127.4 4.8473 36 29.0138
5 5 5 i L3
S x =20 YY=17.3750 | >x* = Y xY, =176.4051
=1 t=1 i=1 =1

Substituting the values in normal equations, we get
17375=5A+20B
76.4051=20A +90B

On solving, we get
B = 0.69051

and A =0.71296

’ 0.71296 = log, a

= a=e0-71296 _ 9 4
and 0.69051 = log, b

= v o 69051 _ =199
=ab® = y=2.04(1.99¥

Que 3.14. _ Fit a second degree parabola to the following data:
x 10 |15 |20 | 25 # 3.0 , 35 #ﬁ
y | 11 |13 |16 [20|27]|34] a1 |

¢<m mr5 a,.m origin to (2.5, 0) and take 0.5 as the new unit. This changes the
variable x to X, by the relation X = 2x - 5. : .

Let Q& parabolaof fitbe y = =a+bX+ nkg Zonu& mncwﬂcnu are:

: Iy =am + wﬁn + nm_.mn ;
Xy = amN + w% + ammu
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Mathematics-TV e 3
) T &
— eI d
P e [ L L s B 2 |
¥ L= +—1 _33 9 9.9 0
s | e " 5.2 ~u
A I A "6 1 16 -8 8
ST B T 0 vi0 -1 5
13 Q 2.0 0'9 1 0,7 0 135
30 1 27 g n 13 1 0
by 2 | 34 6.8 o 8 1
3.3 3 41 123 9 36.9 2 %
4 . s -
oo lm o 162 Xy = 143 S = 237X - 699 m&.
[ ol |X=0lmE &y

Substituting the values in normal equations, we get
7a+28=162; 28b=143; 28a + 196¢ = 69.9
On solving, we get
a=207 b=0511, ¢=0.061
y=2.07+0.511X + 0.061 X2
Replacing X by 2¢ - 5 in the above equation, we get
¥ =2.07+0.511 (2r - 5) + 0.061 (2¢ - 5

which simplifies to y=104-0.198x +0.244 x2,
This is the required parabola of best fit.
, - [ PART-3 é
_ Correction and Rank Correlation. g

Questions-Answers

Que 3.15" Calculate the rank coefficient from the sales and
expenses of 10 firms as given below :

| SalesX 145 |56 |39 |54[a5 | 40 |56 |60[0]|%
ExpensesY | 40 % | %0 . e 0%

E——T R 'f:;—

8-16 C (CC-Sem-3 & 4)

Statistical Techniques T

R B AR R P e ey )
45. 40 T 55 4 15 225
56 36 1T 25 6 -35 12.25
39 30 - 8 9 -1 1
33 4 b+ o4 2 2 4
5 36 —=- 55 6 -05 02
40 32 7 8 -1 f
56. 6 125 1 15 225
60 2 |~ 3 -2 4
30 20 10 10 0 0
36 36 |- 9 6 3 9
| | =35 |
Repeated Rank of X column :

45 = 2times =m,

56 =2times=m,
Repeated Rank of ¥ column :

36 =3times=my
Rank correlation coefficient, -

. 6{‘.‘4’ +%‘2(m:—m‘)+ i%(mé-m,k%q(mf —m_.‘):\
r=1- - :

NWN* -1

1o o 3 \
6[36¢E(_ —94+2' 2243 -3»1

=1-
10(99)
6(36+3] . 234
=1-"50 em
r=0.7636

Que 3.16. | Calculate the coefficient of correlation between the

following ages of husband (x) and wife (¥) by taking 30 and 28 as
assumed mean in case of x and y respectively :

xu‘z'lxa\aszssosassssssao
\_\‘ 18\20 22\2522282880ﬂ30g1_
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3-18 C (CC-Sem-3 & 4)

Statistical Techniques I
E y |u=x-65 ms u? v? uv |
78 84 13 18 169 324 234
36 51 -29 -15 841 225 435
g 98 91 33 25 1089 625 825
25 60 - 40 -6 1600 36 240
36 75 68 10 2 100 4 20
82 62 17 -4 289 16 - 68
0 90 86 25 20 625 400 500
62 58 -3 -8 9 64 24
0 65 53 0 -13 0 169. 0
39 47 -26 -19 676 361 494
4 Total Zu=0 | Sv=0 [zu®=5398 |50 = 2224 | zav = 2702
35] 2 !
7
[ 3’ 4 Here, n=10,ﬁ=l2ui=0,ﬁ=l‘£u.=0
[ 351 n n !
T I N
Sa-zP | Sy- )2 JnZu* —(zu) JnZv? - (zvy?
L I ] , =217 =270 (10 x 2704) - (0x 0) =0.780

10 x5398)- (07 10  2220) (07

Now we know that the coefficient of correlation is given as, Hence, - ry=r,=0.780.

Hx-ENy-5) 159 : [PART-3]
T -2 xty-3F - JaITxTi0

Regression Analysis : Regression Lines ofyonxandxony,

159 Regression Coefficients, Properties of Regressions
B — Coefficient and Non-Linear Regression.
242.0537 ” ‘ ' : DS ‘
Ty = 0.657 : :
Que 3.17, , Ten students got the following percentage of marks in Questions-Answers

principles of Economics and Statistics ;

Long Answer Type and Medium Answer Type Questions

5 [i0]
182 [90 |62 |65 |3
53

memﬁcl
ﬂﬂ'&n in gi;—ﬁ_;t-i;u

‘:Q{le 3.18. l If the 0 is the acute angle hetween the two regression
lines in the case of two variables « and y, show that tan:0 =.

5 » Where r, 0, o, have their usual meanings. i
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nZ dxdy -
r= Rﬂu .v\m . RR z _
Jnzde’ ~(2 dw) ﬂw/ ,
de=x—% @ dy
where, dy=y- y
. 1 —U%
. fre ession are given by,
Cooticents Ty ey - 3 e 8 ay

by T :MRENIAM dy)?
g _ nZdxdy-Zdx3 dy
b= "L da? - (2 do)?
ons to the lines of regression of y on x and x o, ,

Equati
ooy - - rag
y-y= —=(x-%) and x X=X, o
Oy a, V=3)
ro Oy
Their m~°bﬁ.m are SH = N.N. NEQ é = Il\.q
x x
Sy 19
tan 0= t—2—L -4 %% Oy
1+ mgmy o2
1+
o2
_ . 1- r?a y o2 1-r2
=+ " .”.NH&"HL.I@
x Oy +0y T o0 .EW
Since r m.H mu.m o, 0, are positive.
tve sign gives the acute angle between the lines.
Hence, tan g = 1 -r 920y
r Qm + Qw
Whenr=0 g= T .
Lie 3 -~ The two lines of regression are perpendicul2r s&
Hence the estj . ”
. stimat +
%\Mo.éam. ed value of y g the same for all values of :m
?MﬂﬁHHH.RgQMOmOnrNﬂO -
- ﬂsmm %.Smwomag Will oot =0ornm. - el
WO Variableg , andy "cide and there is a perfect correlati!

Que 3.9,
NHE% 8ig 0
Variance of x

In 4 : -
Part £ : of 8
fe tally destroyed laboratory ¥ ecord

orr Eﬁ. _w-?w

3-20 C (CC-Sem-3 & 4) Stutistical Tochsiques 1

Find

. Mean values of x and y

1. Standard deviation of y

111. Correlation coefficient between x & y.

Answer _

Since both the lines of regression pass through the point (x, y} therefore,

we have
8x-10y +66 =0 .(3.19.1)
40x - 18y - 214 =0 L A3.19.2)
Multiplying eq. (3.19.1) by 5, we get
40x - 50y + 330 =0 ..(3.19.3)
Subtracting eq. (3.19.3) from eq. (3.19.2), we get
32y -544 =0 . § =17
From eq. (3.19.1), 8x — 170 + 66 = 0
8x = 104
X =13
Hence =13, 5 =17
Now, variance of x = o’ =9
g =3
The equations of lines of regression can be written as
y = 0.8¢ + 6.6 and x = 0.45y + 5.35
The regression coefficient of y on x is m..“luh =0.8 ..{3.19.4)
The regression coefficient of x on y is ﬂr =0.45 ...(3.19.5)

y
Multiplying eq. (3.19.4) and eq. (3.19.5), we get
r’=0.8x045=0.36

r=0.6
From eq. (3.19.4), we get standard deviation of y,
o o 080, _08x3 _,
" T 06

ue 3,20, | Find the coefficient of correlation (r) and obtain the

w» 25 b 2
equation to the lines of regression for the ?—.—aﬂmﬂn data:
nabm Af

Z.aa 2
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, ~Sen.
Answer 5 —
X=x-%|Y=y-¥ Xv X [
X .w_ J/ :
1 0 0 | =
. Q 0 1
o = -4 3 -12 16 B
> : 4 -3 -12 16
10 ) & 0 0 ) 9
R -1 | -2 4 |}
- I
r r g /
. . e = XY = 26 b '
Ww=30|%y=40| X=0 IY=0 .l/l&c. Y2 2
/
> ww _
TN
Iy 40
y = —=—= 8
IJ ?‘ m
Regression coefficient of yonx,
XY -26
= T =——=-0.65
= X 40
Regression coefficient of x on Y
XY -26
b = T =——=-1.
R ST 5
Equation of regression line (y on x) is
= IXY _
Y-y = e (x-%)
-26
y-8= —(x-
0 (x - 6)
itk ¥=82-065(-g)
= ¥Y=-06ar+119

Regression equation (xo

ny)is

. &.E&f.f&&-

]

3-22 C (CC-Sem-3 & 4)

Statistical T echniques

Que 3.21. | If for two random variable
the two regression line
b l-a
w. = 1-a

8, ¥ and y with same mea

m=-.ov.u=&+v==&Hnn.<+v.orn=¢rc€»r_

Also find the common mean.

Answer _

Here, &un =a, &i =
Let the common mean be m, then regression lines are
Y—m=alx-m)
Y=ax+m(l-q)
X=m=aly-m)
X=ay+m(l-q)
Comparing eq. (3.21. 1) and eq. (3.21.2) with the given equations,
b=m(l-a), B=m(1-u
) b 1-g¢

B l-a

.(3.21
and

-.(3.21

.,D..l,o.a.wm. For 10 observations on price (x) and supply (y) t
following data were obtained

Xx =130, Ty =220, Yx2 = 2288

Yy%=5506 and Yxy = 8467
Obtain the two lines of regression.
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Mathematics - v

\\.\\\.\M Vb, = = _ 3467 fz._
Regression coefficient 01 00, Oz = =73 5506 =0.63
Equation of regression line (y on.x) is, e
_— ) e
y-y= X2 (x- %)
¥y-22=152(x-13)
y =152 +2.24 | ot Statistical
Regression equation (x on y) is, = : .H.@Ogmn.ﬁmm 11
X=X = WWM o-75)
xr-13=0.63(y -22)
x=0.63y - 0.86 | \
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4.2C(CC-S¢

& b&nzvzaeu ..,.Na?.oﬁzn&ol»
ility W,EM ltiplication Law of Probab;

Que4.1. |From sixengineers and five architects 5 com

rm. formed having three engineers Ea two archj tects,
different committees can be formed ..m (i) there is ng veo!
two particular engineers must be included, (iij) ons
architect must be excluded.

Mitte, i
Hoy g,
H—Qﬁon_ a_.w
uE.:S_E

6.5.
i, Number of committees = 6C, x 5C, = 33 M x W’M = 200,

ii. Herewehave to choose one engineer from the remaining four engineen

5.4

Number of committees = *C, x °C, = 4 x 22 - 4,
2.1
iii. Herewehave to choose two architects from the remaining four architeets
Number of committees = 6C_ x 4C_ = $.6.4 4.3 =12 _
SRR

{

|
hmm.wh.. A five figure number is formed by the digit 0,1,2%¢
without repetition, Fing the probability that the number formedis

divisible by 4,

Arranged in 5| i.muﬁ. out of which 4! will begin with#*

= Total

Those aﬁ“v:“ww cnm.nmﬂ.z,m u:Er.om. wogma =51 - 4! = 96. _
right digits &sawﬁ_.ﬂﬁﬂ__ ) &ﬁBEo_uw 4 which will have Ewo et
Number mb&lﬂ L endi in 04, 12, 20, 24, 32,4

ﬂa,b&bwmb HM“w_lm_uA.
ber ending in 24 = 3! - 2! = 4 5
REMEE&E. ending in 40= e

zsgu.w. i
Number ¢

B s

Mathematics - IV

4-3C(CC-Sem-3 & 4)

The number having 12, 24, 32 in the o

i xtreme right are (3! - 21) g;
number having zero on the extreme le i S,

ft are excluded.
Que 4.3. | A has one share in a lottery in which there is 1 prize

and 2 blanks : B has three shares in a lottery in which there are

3 prizes and 6 blanks. Compare the probability of A’s success to
that of B’s success.

Answer _

A can draw a ticket in °C, = 3ways.
The number of cases in which A can get a prize is 1.

The probability of A’s success = W .
< . . 9.8.7
Again B can draw a ticket in °C, = 321" 84 ways.
. . 6.5.4
The number of ways in which B gets all blanks = C, = 321" 20
The number of ways of getting a prize = 84 - 20 = 64
Thus the probability of B’s success = 64/84 = 16/21
Hence A’s probability of success : B’s probability of success = Wn %

=7:16

A bag contains 8 white and 6 red balls. Find the
probability of drawing two balls of the same colour.

| R

{Answer

Two balls out of 14 can be drawn in KON ways which is the total number of
outcomes.
Two white balls out of 8 can be drawn in mOw ways. Thus the probability of
drawing 2 white balls
UON |.N|®|
“c, 91
Similarly, 2 red balls out of 6 can be drawn in QQN ways. Hr:m ﬁm u,nowmeQ
of drawing 2 red balls \ S s

| . : 6 15 G

= g 29 5
BT T et
Hence, the probability of &.msEm 2 balls of the same S_w..:. Q.F.B...voﬁ_

irm»m‘o_. both red).
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91 91 91

=’ —~37,

28 15 43 m&i

|

Qe 45, | A bag contains four white and ¢y )

Mwwmrwnao:ﬁbm three of each colour. A b
m

and aballis th
probability that

agi ck _5_.
ig
en drawn at random from the bag MM”Q&

tne ball drawn is white ?

F at ~E_
...5“””

There are two mutually exclusive cases,
i  When the first bag is chosen.

i When the second bag is chosen.

Now the chance of choosing the first bag is 1 and if+1: |
2 d if thig bagis g

the probability of drawing a white ball is 4/6.

drawing a white ball from first bagis

1 4 1

—_—X - = -

2 6 3
Similarly the probability of drawing a white ball from second bagis
B

1 3_1

—_— N — = —

26 4
ents are mutually exclusive the required probability

Hence the Probay

Since the ev.

respectivel Three machines L, II and III are manufsci
of m&onﬂ.cow m.“..-e..u and 0.1 of the total production, The percesis
i Juced by 1, II and III is 2, 4 and 1 pre®

Hem chosen at ry probeb

Mathematics - IV

4-5C (CC-Sem-3 & 4)
The total defective itemg produced by machines, I, IT or II]

-08 2 o1 2
= 106t T05 * Toc = =0.029

100 100 100 100 "

Dﬁ.o.h.q.,.a, Two cards are drawn in succession from a pack of 52

cards. .H.Jmnm the chance that the first is a king and the second a
queen if the first card is (i) Replaced, (ii) Not replaced.
Answer

[N e

i The probability of drawing a king = —- = —

If the card is replaced, the pack will again have 52 cards so that the
probability of drawing a queen in 1/13.

The two events being independent, the probability of drawing both cards

. . 1 1 1
in succession = — x —=——
13 13 169
ii. The probability of drawing a king = W

If the card is not replaced, the pack will have 51 cards only so that the
chance of drawing a queen is 4/51.
1 4 4

H , th bability of drawing both cards = — x — = —
ence, the pro ty of drawing cards memH 663

There are two groups of objects : one of which consists

o T

of 5 science and 3 engineering subjects, and the other consists of 3
science and 5 engineering subjects. An unbiased die is cast. If the
number 3 or number 5 turns up, a subject is selected at random
from the first group, otherwise the subject is selected at random
from the second group. Find the probability that an engineering

subject is selected ultimately.
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Now, probability of not turning 3or 5 =1~ = _

2
3

Lo

Probability of selecting an engineering subject fro
~.- MOOO

nd
Wwocwu m

. Probability of selecting an msmmnmoz.sm subj
ect %.w.o

turning up 3 or 5
p m mmoo:a 8
=255 "y,
Thus, th S 8 12
us, the probability of selectin ]
€ an engineerin
m. MCT&mOﬁ
= W + lmf = .H’.w
8 12 94
Quedd, [Ap; [
n..Em, ,5. , . 1ased coin ig tossed ti]] a heaq
9 a oy
il is the Probability tha¢ the APpears f,, th
e et
Let p be the :
4 Probability of ge:
tail in a sip ¥ of getting a b
gle toss, 5o that ead and g the o
mﬁmb ﬁﬁovmg.?n% cwmmnn. P+g=1, Uﬁowmvurﬁ.«\ cmm.mﬁs.bwn

- vhoowu 1li f
o S 088

ve.. GO

1
1 e
g e =
21+ g) 1+9 1+q
t3 times in 5 shots,

tatarget
t that (i) ¢

HEH 2
Tt )=

(g<1)

Que 41
ti . °. »Aﬁgbmﬂmﬂ
Imeg inj sho arge

volley, Wi, 520d C cap
shots pj; wnn 18 the E.ovmv_.mh

B can hit a target2

times in 4 shots. They fire a

\—bm&ﬁ. Wo shots hit, (ii) at least two

Probability of
Probapjj;
.MVNOUNT

hitt;
rnu\ cm.wr.;m.abw ng nwﬁnmﬂ =3/
ity of ¢ 8 1 target ’
I Chitting ¢} s
Norder th,, ©target - g /4
considereq .

e —

nso m—uo
tsmay p,;
y h
' the tar, get, the following cases must be

Mathematics - IV
- 4-1C (CC-Berm-3 & 4)

3 2 (. 3 s

P, = Chance that A and B hit and Cfailsto hit « = » £ 41

5 3 4 ¢/ 1w
p, = Chance that B and C hit and A fails to hit = S (1.3, 12
b 4 6/ 10
P, = Chance that C and A hit and B fails to hit = P p = 2] . 21
S 45 5/ 100
ince these are ) ive eve
sy e mutually exclusive events, the probability that any 2
Eptp,rp = - 9.: + sum 27 w (0,45

s b ai

100 100 100

jii. Inorder that at least two shots may hit the target, we must also eonsider
a._E cages .c?_:..». B,C hitting the target in addition to the three cases of
(i) for which

p, = Chance that A, B, C all hit = S o
5 5 4 100
Since all these are mutually exclusive events, the probability of at least

two shots hit.

=p +p +Nu+mu||mw|+|~|wl+mw!+aﬁlch
1 PP 8T 100 7 100 100 100

Que 4.11. _ Two cards are selected at random from 10 cards

numbered 1 to 10. Find the probability p that the sum is odd, if
i, The two cards are drawn together.
ii., The two cards are drawn one after the other without

replacement.
iii. The two cards are drawn one after the otherw

Answer _

Two cards out of 10 can be selected in 1C, .
one number is odd and the other number is even. There being five odd

numbers cards(1,3,5,7,9) and five even nE:.US. cards (2, 4, 6, 8, 10),
an odd and an even number cards are chosen in 5 x 5 = 25 ways.

_2.5
U T 45 9 |
e selected on after the other s.:rS.:
0dd number cards are selected in
ctedin5x 5= um ways.

5

ith replacement.

= 45 ways. The sum is odd if

I

Two cards out of 10 can b

replacement in 10 x 9 = 90 ways. :
5 x 5 = 25 ways and even number cards are selé

_2+25_5

F.‘:
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4.8C (CC-Sem-3&4) o sy
ds can be selected one after the otlier With Teplage

jii. Two car 0dd number cards are selected in 5 & _ Mept iy
SM HomM meuﬂww ME.% are selected in 5 x5 =25 ways, % way,
and ev
25+25 _1
Thus P=7100 2

Quo 412, | The studentsina class are selected at random, one

nww r.»rmu. for an examination. Mmu& the probability p that the
and girls in the class alternate if .

i The class consists of 4 boys and 3 ﬁu_m.

ii. The class consists of 3 boys and 3 girls.

5@&
boy,

i  Asthere are 7 student in the class, the first examined must he 5 boy

g 4
Probability that first is a boy = 7

| w

Then the probability that the second is a girl =

Probability of the next boy =

| w

Similarly the probability that the fourth is a girl = W. "

The probability that the fifth is a boy =

b

The probability that the sixth isa girl =

o= WD

and the last is a boy

Thus =43 1
35

and the first student is a girl, are two mutually

XWX:NIXIN:X Xm.l
574" 3 1

N[ =

i The first student is a boy
exclusive cases. If the fir,

t 1 o t
the students alternate wmm e m\vo y, then the probability , s
3 3 ,
Ep" mxwxmxmxwanw
1 20
If the first student i 2 el
altermato i ent is a m:.r a.s: "..rm probability p, that the msam.am :

Mathematics - IV 4-9 C (CC-Sem-3 & 4)

PART-2

Conditional Probability, Baye’s Theorem, Random Variable
(Discrete, Continuous Random Variable) Probability Mass
Function, Probability Density Function, Expectation and
Variance.

Questions-Answers

Long Answer Type and Medium Answer Type Questions

Que 4.13. | There are three bags : first containing 1 white, W..E_. 3

green balls : second containing 2 white, 3red, 1 green balls and third
ooﬂawmamamﬁr:m.mhém, 2 green balls. Two balls are drawn from a
bag chosen at random. These are found to be one white and one red.
Find the probability that the balls so drawn came from the second

bag.

Answer _

Let B,, B,, B, pertain to the first, second, third bags chosen and A : the two
bags are white and red.

Now P(B,) = P(B) = P(B) = 3
P(A/B)) = P (a white and a red ball are down from first bag)
2
= (0 *G)C= 35
2
Similarly P(AIB)) = (°C, x *C)FC, = B
1
PA/B) = (C, x 'C)°C, n,w
By Baye’s theorem, :
P(B)PAIB)- -~ :
Ew\&yu 2 N@LNQ\FV:

" P(B,)P(AIB)) +P(BFALS,
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Seer ik _ Three urns contain g

Ewn_.m balls respectively red, 4 b,
ball is drawn from ”

that it i i .
1t is drawn from the first urp I8 req g " ftry,
. u..En th sgag
Answer X ug__,ﬁ.
b
Let
Q~ : the —UNHH is QH&.‘.H» fro
U, : the ball ig drawp ?o” N_.
Us : the ball is drawn oy |,
R : the ballis req v
We have to find P(U/R). .
By Baye’s theorem,
PW/R) = PWU)PR/U,)

PU)PR/U,) + PWU)PRIU,) + PU)PRIT)
3

. ...:.E_
Since the three urns are equally likely to be selected

MUAQHV = EQNV = WAQ% = m..

3
Alos P(R/U,) = P(a red ball is drawn from urn ) = -
P(R/U,) = P(a red ball is drawn from urn Il) = Wc
P(R/U,) = P(ared ball is drawn from urn I = Hho
1
From eq. (4.14.1), we have P(U,/R)= % j

ST S E

i. Find P(X <4), P(X 2 5), P(3<X<6)
ii. What will be the minimum value of k 8¢

S 3

Mathematics - v 4-11 C(CC-Sem-3 & 4)

Answer _

If X is a random variable, then

i

7
MEARL =1
i=0
k+3k+5k+Th+9+ 11k + 13k =1
k= 1/49.

P(X <4) =k + 3k +5k+ Tk =16k = 16/19

P(X >5) = 11k + 13k = 24k = 24/49
P(3<X<6)=9k +11k + 13k = 33k = 33/49.

PX<2 =k+3k+6k=9%=03o0rk>130

Thus, minimum value of & = M'o

Que 4.16. _ A random variable X has the following probability
function :
x 0 1 2 3 4 5 6 7

px) | O k 3k 2k 3k k: 2k | TR*+k

_ Find the value of k
ji. Evaluate P(X <6), (P26)
iiii. P(0<X<b)

wbuu!an _

i IfXis arandom variable, then

T
M.ﬁﬁuﬂmv“u.
i=0
O+k+2k+2k+3k2+ 2R+ TR+ k=1
ie., TR2+9k-1=0
1
10-k)k+1)=0ie, k= —
( Yk +1)=01ie 5
i, P(X<6)=P(X=0)+P(X=1) +PX=2)+P(X=38)+PX=4)+PX=5)
8 1 81
=0 2 4 h2= B S e T e
+k+2k+2k+ 3R+ 8k+k 5+Hoo 00
9 119
PX2>6)= = =N=2k +Tk2+k= —+—=—
(X>6)=PX=6)+PX=T) =2k +Tk*+ Hco+uc o

i PO<X<5)=PX=1)+PX=2)+PX=3)+PX=4)
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ﬁfﬁ;f.r
e Ny ~ﬂ
. . ’/w»:
=R eMWM+MWeMMawy. 8 ey
WEENMa O 4 Y
1{(\] 3
f‘f-.?a
L 1s the function defined as tallows y density
Rd=e a2 N »/—563»5:
=0 )
W I so determine the probability thag the var
aMate

Jensity will fall in the interval (1, 2)

Fﬁfwﬁm .
S Alse find the cumulative probabiligy funeg n g
: O AW .

Answer
> & D) an
3 fad > O forevery x maLl, ) and
A 2 0wl ux g
| IRASES 0 le =
b} . ORGP SN - S S -
Hence the function ix) satisfies the roquirements for ag
N na 41/51
St o4nU(rrﬁ
& Reguired prebability = A1 <x _ =
4 -¢t

R

= 038 -0.133 = 0.233
This probahelity is equal to the shaded area in Fig 417
= Camulstive probability function P(2):

1(a),

._...?uw -._.“..u,. dr=1-¢*

-~ -

oy
.
b
B
1
"

6 9 |

w_ | 3]

Mathematics - 1V

Answer _

IR CICCRemd & 9
e S

—

?/./Jna”wl‘—.e._l .u./ﬂ

3

Y

= 11

e

R

S 1 1

SN = 0 RICE R
/z.,ﬂ 7—/.« = 030

A /,f:uuf.r/.»,fr/o:n.:ﬁ/x:t;ﬁ,;

= HO3) + 4011 » 1= 200

Ccub&w._ The frequency distribution of a measurable

characteristic varying between 0 and 2 is as under
Ra)=a%, 0<ax1
=(2-a) 1
Calculate the standard deviation and also the mean deviation about
the mean.

Answer

Total frequency N= _ %

'dx+ (@2 2 dy
E 4._ Q-aVdx=
1

|
| -
b |

> u, (about the origin) = /._,-;.nnu &.4_ 'q2- 1) d|

[

=9 1mu—wrmﬁ NV.H ﬁ naMva.,TPu 1
s L T\5 4 20
1’ (about the origin) = H% X x m.u+._. *@2- u%&_
_ =] *| 2 (2-x) x)* |
-LM,N 1 _. ah=e- ]
Lw 3 H—H H:TW
6 1 25 30 15
. 16 1
" e (upe 181
ence o' =p=p — (') 5 1 5
1 1

ie., Standard deviationo= —(—

Mean deviation about the mean :

1 ] i
.m: lx-1]2 dz+ ||z~ 1{2- 2 dx|
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f1 1y ( 1 1

&= M\ml.!| -‘.Q" = -
"4 m\ { wo&. 5

Diserete and Continuous Probability Distribution : Bingy:
- Poisson and Normal Distribution. g

| Lomg Answer Type and Medium Answer Type Questions

Que 4.20. | Define a binomial distribution. Prove that the Poisson
distribution is the limiting case of binomial distribution.

T

A.  Binomial distribution : A random variable x is zaid to have a binomial
distribution if it assumes only non-negative values and its probability
masy function is given by

\ "Cp " r=0,1,2,..n

r

Plr=r)s=
_ 0, othervise

Also pryg=1
B. Poisson distribution as a limiting case of hinomial distribution :

If the parameters nand p of a binomial distribution are known, we can

find the distribution. But in situations where n is very large and p is very
small, application of binomial distribution is very labourious, However,
if we assume: that as n—» » and p -» O such that np always remains finite,
sy 1., we get the Poisson approximation to the binomial distribution.
Now, for n binomial distribution

PX )G w PO =2) (- 4 1)
AY o ) % - i |

P : l\ta..w x.\»\

r!
_oan=Dn=2)..n-rvD) ﬁ 1.2 ; s ﬁ\ g
- rl n n

?..:S npsd /o pe .»...w
n

B CUCSemaa gy

e

T .

n P N

e 1-2*

| oy
Ay
»n (n-1\(n-2 xhtﬁtﬂ .,.wyw.-
= Sl )0 )i Jo T
r: n n n n ’ 1Y
1.~

As n —» =, each of the (r - 1) factors,
1 \
Hﬂll;;\H -

IH.A P -y’
...T-wlysﬂusw.»kc 1-%) tendsto L
n n 3

n/

msgr T+w u«.?zuxm@g.

-k
3

v.,p
?tlv l‘al_munls
.on

et

Hence in the limiting case when n — =, we have

Px=n=2 r=0,1,2,3,.)
‘- .y . - .
Here P is called the Poisson probability distribution.

Que 4.21, | Find the mean and variance of binomial distribution.

SME-,Q_. r?c:&w— distribution : -
For the binomial distribution, P(r)="C, ¢ r

a 2 » : : s ﬁ~
Mean p= ‘Moli M.ﬁ q | - n :
=04+1."C %-_wL...n»%-i&.éuq_-,}.q.:..., WP
e =9....._,.x=.v8ax-€.+:¥an,.

=ng""! Yw.mmmn_.m P+ STy

= np"'penin-14g" p’t -
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418 C(CC-Sem-3 & 9 Statistieg) Tect
ke = = = : s
=Rl iC g e 10 I+ P ICE P+ e mm 10

:1%7:
A...ﬁ‘_..QM:

=npig+pF-l=np
Hence, the mean of binomial distribution is np.
Variance of binomial distribution :

ol= Ma»ﬁluruuMT+5.l§31:5
o b

n

= Y rP(N+3 FMr—1)P(r)— 2

r=0 r=0

=p+ Mﬂ?.lu.v :Qq@:lxﬁ‘ Itn

re2
(Since the contribution due to ﬁ =0and r =11is zero)
=p+[21."C,g"-%p*+38.2." 3" D3+
+n(n-1) "C p"] - p?
n(n-1)

21 q"?p*+3.2.

=p+ T.H.

nn-D(n-2) ,., .,
321 2P +...+:9|.§i|=~

=p+nn-1)g" 222+ n(n—1)(n - mvmamﬂwbu +..
+n(n—1)p"] - p?
Htnln-1p¥g"-24 (n-2)g"-3p 4 ...
42—y
H+n(n-1)p?r-2Cgn-2 4 "=2C1q" %+ ...

+=|nﬁ<auvu=|u~ltn
= p+nln-1)pq +pY i 2=k n(n - 1)p- 2
—... Q+h = :

=np +nln-1p*-n2p2< iy -pl =npgq.

: o u=np]
Hence, the variance of binomial distribution s npq [ p=np

Que 4.22. ~ Out of 800 families with four children each, how many
families would be expected to have (i) 2 boys and 2 S .:3 v -

one boy, (iii) no girl, (iv) at most two girls. Asg e
for boys and girls. ume equal probabilities

Mathematics - IV 4-17C(CC-Sem-3 & 4)

—

Answer _

Probability of having boy=P=

M= N

Probability of having girl=@Q =
Number of children=n

Probability of getting 2 boy and 2 girl ="C, P" @™
= hQNNHN Qlu

4x3x2x1 E»@N
21x2! \2

6xLlxl =0375
17

Probability of getting at least one boy =1 -4C ')
S oI0)
=1- =] =
0!x 4! \2/ \2

1- 115 _po37

16 16
Probability of getting no girl = “C, Pt

-y )

.
= hh.alu = IH| no.omwm
0!41\2/ 16

iv. Probability of getting at most two girl

= 4C, P*Q+'C,PQ!+ ic, PP

2kl EH E +0.375
= 00625+ 7.3 (9) 2
1

= 0.0625 + 1 +0.375

= 0.625 + 0.250 + 0.376
= 0.6875

i

Que 4.23. | Find the mean and variance of -..&nueu.‘.&.%-..:.aaw?
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4-18 C (CC-Sem-3 & 4) Statistical Ty

é

-Aar
For the Poisson distribution, P(r) = B _>
r!
Mean of Poisson distribution :
- 3 ~Aar
Mean, p = MxDluM?m &
ey} re0 r!
AT A2
= ¢ . g = * S ——
,M, o ﬁc.v: + T +w
B AoAf
= et T +ﬂ+.m|_+...:.w =le * =)

Thus, the mean of the Poiss
3 on distribution is equal >
Variance of Poisson distribution : SIS b .

/I 1 o ﬂ
ariance, ot= Y rPir) -
r=0
_Nv,e Aet ~ pnr
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Mathematics - TV 4-19C (CC-Sem-3 & 4)

"Answer
Mean, A = 4, Number of days, N = 100
Nu»vrc
=~ 4=
i or = ¢ *=0.01831
Required number of days = N . P(r = 0)
100 x 0.01831 = 1.831 = 2
—[P(r=0)+P(r=1)]

L
! ITL +2 HA_J = 1- Be = 0.90842

. Required number of days=N . P(r22)
= 100 x 0.90842 = 90.842 ~ 91

PQr <3)=Pr=0+Pr=1)+Pr=2)+Pr=3)

" B GO C M VT O
oo 1 2! 3!

et+det+ &+ M[,»mx =0.43347

Pr22)=1-Pr<2)

|=H

~  Required number of days = N. P(r <3)
= 100 x 0.43347 = 43.347 = 43

: W@ et
iv. P.:.f.x/\mvnﬁﬁu.wf.;ﬁn.:u 5 -

- Rmm,,m‘@g% =0.3907

6 24

N ber of days
Required number “ A r) <r<5)=100x 0.9907 = 39.07= 39

Que 4.25, ~ Assuming that half the population of a town consumes
take 10 individuals to see

chocolates and 100 investigators each \
whether they are consumers. How many .uﬁ.:»ﬁeaﬂ would be
needed to report that $ people or less were consumers ?

The chance for an individual to be consumer

The chance of not heing a consumer =9 = 1-

<91 A + Al + AV + A
il ua_hhﬁ ,}:é qwt.nﬂ.,
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4-20C (CC-Sem-3 & 4) Stes
: st
Number of investigators to report that three o less nﬂamoraﬁ
of chocolates Peop]e Werg f_
_ 176 { ocaucga
" 1024 *100=172 N

Hence, 17 investigators would be needed tq

re
were COnsumers. POrt that 5 or e
S8 pe

Que A.wa.. _ In sampling a large number of Parts Oply
machine, the mean number of defectives jn asam mﬂﬁwagg )
1000 such samples, how many would be mnbmoﬁo%_m of 204 R Va
3 defective parts. to Contajy, %_53
Answer 3
Mean number of defectives = 2 = np =20p
- The probability of a defective Partisp=2/20= 1
The probability of a non-defective part=0.9
- The probability of at least three defectives in 5 sample of g

= 1 — (Probability that either none, or one, or two °
parts) : ) are soa.nﬂ.m&:

=1-[*C,(0.9/% + 2C (0.1)(0.9)" + C,(0.1)(0.9)19)
=1-(0.9)® x 4.51 = 0.323

ercmnrmugvmnom mmEEmmrmgm:mn i
s m ast three defective Parts out of 100

=1000 x 0.323 = 323

Oco.?uq Fit a Poisson distribution to the set of observation :

x 0 1 2 3 4
122 60 15 2 1

e eSS

Mean= % _60+36+6+4 _
) ]/wcc =0.5

H.m. Mean of Poisson distribution i.e., m = 0.5
ence, the theoretica] frequency for r successes is

Ne™"(m) _ 200e~°3(5) wherer=0,1,2,3,4

r! r!

Mathematics - IV

421 C(CC.8em.3 &
. &4
The theoretical frequencieg are -

x 0o [ HH
ro] 2 61 Hi!

Que 4.28. _ If the probability of a bad reaction from a certain

injection is 0.001, determine the chance th indivi
e thas by i e et e at out of 2,000 individuals

Answer _

It follows a Poisson distribution as the probabilit
Mean (m) = np = 2000(0.001) = 2
Probability that more than 2 will get abad reaction

=1- _m#ocm.v.m:s\ that no one gets a bad reaction
+ Huqown.&:_i that one gets a bad reaction +
Probability that two gets bad reaction]

o e-9 =gy

y of occurrence is very small.

1,-m

-._.Sm Snn‘s Hmm
TT B TR TTT»M+& e 2]

5
1-=032 [ e=2718)

Que 4.29. | In a test on 2000 electric bulbs, it was found that the life

of a particular make was normally distributed with an average life
of 2040 hours and SD of 60 hours. Estimate the number of bulbs
likely to burn for -

a. More than 2150 hours.

b. Less than 1950 hours and

¢.  More than 1920 hours and but less than 2160 hours.

Answer

Here pu = 2040 hours and o = 60 hours

a. Forx = 2150, z= 27" _1833
~. Areaagainst z = 1.83 is 0.4664
(According to normal distribution table)
The area required in this case is to the right of the ordinate at z = 1.83.
le., Area = 0.5-0.4664 = 0.0336

Thus the number of bulbs to burns for more than mHmo hours
= 0.0336 x 2000 = 67 approximately
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4-22 C (CC-Sem-8 & 4)

mgzm:n& eaor:.
x-p 5:3 I
o
The area required in this case is to the left of » = _ 1.33
Le., Area = 0.5 - 0.4082(table value for 2=
The number of bulbs expected to burn for Jegg than
= 0.0918 x 2000 = 184 approximat

1920 - 2040
60

2160 - 2040
60
The number of bulbs expected to burn for more thay 1920 hoyy, b
than 2160 hours will be represented by the area between , - t log
z=2.This is twice the areaforz =2, i.e., =2 x 0.4779 - o.wmﬁp 2ang
Thus, the required number of bulbs = 0.9544 x 2000 = 1909 e

b. Forx = 1950, z= =-1b

133)< g,

1950 hoy,
ely.

91§
Iy,

c. Whenx=1920, z=

==2

When x = 2160, z= =2

arly,

Que 4.30. | In a normal distribution, 31 % of the items are under 45

and m.ﬁ are over 64. Find the mean and standard deviatiop of the

. . |

distribution. It is given that if Ait) = Iﬂ_... e ?dx, then f(0.5) 0.19
and f{1.4) = 0.42.

Let p and o be the mean and standard deviation respectively.
31 % of the items are under 45.

Area to the left of the ordinate x = 45 is 0.31.

Whenx =45, letz =2z,

P(zy <2< 0)= 0.5-0.31=0.19

From the normal tables, the 4&5_,_ of z corresponding to this area is 0.5.
. 2,205 {z,<0]

When x = 64, letz=

Mathematics - IV

4-23C (CC-Bem-3 & 4)
From normal tables, the value of corresponding to yhig areais14

zZ,=14
Since z=X"1
a
5~
-05= E and 14= @»I..t
a g
= 45-p=-05q ..(4.30.1)
and 64 -p=14¢g ..(4.30.2)
Subtracting eq. (4.30.2) from eq.(4.30.1)
-19= -1.9¢
a=10
Fromeq.(4.30.1), 45-p=-05x10=-5
p=>50

©00©
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L
Part-1 : Sampling, Testing of Hypothesis
and Statistical Quality Contro] L 5-2C 1 40
Introduction, Sampling Theory
(Small and Large) Hypothesis,
Null Hypothesis, Alternative
Hypothesis, Testing a Hypothesis,
Level of Significance,
Confidence Limits
Part-2 : Test of Significance of 5-4C
: sresussarensassassoneasiiit Ry to
Difference of Means o
Part-3 : T.Test, F.-Test, Chi-Square Test ............ 5-7C to 5-11C
One Way Analysis of Variance
{ANOVA)
Part-4 : Statistical Quality Control (SQC)........5-17C to &-24C
Contrel Charts,
Contrel Charts for Variables
(X . R Charts) _ |
Charts for Variables ..o 5-24C to /

» and C Charts)

||\\\\\\\

b et o o

5-2C (CC-Sem-3 & 4) Statistical Techniques III

Sampling, Testing of Hypothesis and Statistical Quality Control :
Introduction, Sampling Theory (Small and Large), Hypothesis,
Null Hypothesis, Alternative Hypothesis, Testing a Hypothesis,

Level of Significance, Confidence Limits.

Questions-Answers ”

Long Answer Type Ezm Medium Answer Type Questions #

Que 5.1. — A coin was tossed 400 times and the head turned up 216

times. Test the hypothesis that the coin is unbiased at 5 % level of
significance.

e the coin is unbaised.
%ﬂwwnuﬁﬂm probability of getting the head in a toss = 1/2
. Expected number of successes = 1/2 x 400 = 200
The observed value of successes = 216
Thus the excess of observed value over expected value = 216 - 200 = 16

Also SD of simple sampling = ,\:ﬁ = To =10
x-np 16 _,¢
2= ———=— = 1.
Hence ) 10

As z < 1.96, the hypothesis is accepted at 5 % ~m<.m~ ..um significance i.e., we
conclude that the coin is unbaised at 5 % level of significance.

Que 5.2. _ In a city A, 20 % of a random sample of 900 school boys

had a certain slight physical defect. In another city M.Mw.om Ngmn%- M
random sample of 1600 school vowm.rn.m.?o m.WEm efect.
difference between the proportions significant ?

Answer

We have n, =900, n, = 1600 .
20 1 . _185

s 1005’27 100

Pi= 100 5

5 .“..wmo..wwm ncG ,

Scanned with CamScanner



S 14
Mathematics - A

n »ﬁw.?uu
Thus ¥= o n, on,

0.19 x o.m;F 1 u

900 * Tegn
0.04 (approx.)

1.5

Toq =0015 - . Db,

=~ el
Asz < 1, the difference between the Proportions ig N0t sjgy; D04 S0

8nificay,
Que 5.3. _ The mean of a certain normal p opulat; s

on mw mﬂﬂﬂ—
Standard Error (SE) of the mean of the sampleg to
distribution. Find the probability that th

of | t
N . o : € mean of wrmﬂc »..35 f
from the distribution will be negative ? amp

le ofy,
Answer _

If p be the mean and o the SD of the &mavczon. then

. . ¢
aving

Also P, =D,

u=S.E. of the sample means - _o o

o VI g
Also for a sample of size 25, we have

o

2= X _X-05/10

Q\(\M‘M Q\m
10f-6 5 10i-¢ s5p

= X'“/” I'W
10 c 2 c 2
Since ¥ is negative, z < — w
- The probability that 4 normal variate > < — m
1 -1 .3p 1 e -1z
[ - 2 2 T = —— p 2 - 4
4m.~ﬂ_..a NoFEtY ¢

o.mlo.wau 0.3085, from normal table.
fuh. _ An unbiased cojn is thrown n times. It is desired that

wﬁagi frequency of the appearance of heads should lie betwee2
and 0.51. Fing the smallest value of n that will ensure this ressl
with 80r¢ 85&&58.

SE of the Proportion of heagy o m 111 1
80 % of confidence e !
side of the me = &mﬂgnﬁ

~. The corres

a -3&4) i
5-4 C (CC-Sem masw:np_aonrip:nm 1

Thus D ¥ 164506=0.49 op 0.51
1
. -1645 —= = 0.49and 0. 2.
ie. 0.5 oin and 0.5 + 1,645 Vi 0.51
1.645 329
Hence oin =0.01lor [, = 229

3 orn=6765 approximately

[PaRT-2]

Test of Significance of Difference of Means.

Questions-Answers ’
Long Answer Type and Medium Answer Type czamso:wllf

Que 5.5. _ Explain the test of significance of difference of means.

Answer _

Given two independent samples X)Xy, Xy, ey X andy,, ¥, ¥g ey ¥, , With

Yy

means ¥ and ¥ and standard deviations o, and o, from a normal populations

with the same variance, we have to test the hypothesis that the population
mean p, and p, are the same.

“

3 _ i lw. ..(5.5.1)
For this, we calculate ¢t = j
ol =+=
=~

ny HJ

w N = —
where X= MM.H.. = =MM_.H
and
1 < o, T — 3P
> 1 S5, -+ Y- F W
o,= ﬂﬂ:?nb&ii 1o,] Eim-LM T

's th
It can be shown that the variate ¢ ww.mb,% by eq. (5.5.1) follows the
1 J m.
t-distribution with n, + n, - 2 degrees of freedo =
It the calculated value of t > toos the &u.m.qmunm between the sample me
is said to be significant at 5% level of significance.

. T,
If¢>¢ . the difference is said to be ﬂmEma.E# atl H _m.w&“ MMMEu =
We<t, ti data s said to be consistent with hypothesis, tht
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I - - - masny

"
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-
AT —
——lem L

m-,mﬂﬂm — = 2 of 5 . o
ﬂln-—aﬂ.ﬂm w22 10 and 14 woems maipen o - .

Vi lwst 3
Vs O 2 IS

Tz compite TE MEEm AnC e S "
- o =T S - Pl . _ T = " . .
Humu‘.ﬂil.-\ﬂnaml Tncer - H@H We ke, = =23 = Hil..!l(ﬂl".l-n.ult"lm. ¥ =3

..u. H.w&ﬂuﬂmgpﬂwﬂgu&uiﬂ!gv—g
s .wgﬂggﬁgﬂﬁnygqﬂﬁ..
=3t 3% el

g=meznoefds= —=1i- B =
= T T men -3
—% _ p3 | |nn\l|mﬁ. = SE=47752
W= =—==5 ie,c=25
— o =224 L
= 0 : Null bypothesis, Hyto =y, 22 e messsof Ze e papnistons =os e

.;Wi{unhvnmunwm(ﬂtr(mmnumﬁmﬁmhnﬂTmmm‘nmnmh}:..&w...w- o
s e - ¥ EXTZ enp: ) ) )
impiies thes the mezn of the difference between the moo na,..nwmw.”ama Alsermative bypothesis. H :o =,
zersie. p=0. Wiz

= = - =
d-p — 1-0 — P T o | SeamER . ogan
mlmr\v = “n = H |H¢$\\- - = = == = = =LLomns
’ . 2 LEezTiv om i1 14 R 5 | 1
G, 2.24 T ae S = 4R} —-—
i = 18y £
z 125 t 5 % level of SgniSeznes fir B & =

.....

o o ‘ mmbomnuo\mm@mAnﬁm\,nnmﬂlhwmunﬂmﬂmmamghWKiwnmmwun

-z 4 i significzrnt difference between thelr mezms

’ 15 : Que 5.8, ?%&m%ggwgﬂn
” .w ‘. 62, 65, 63, 69, 71 and T2 Those of § randamly chosen soidSers v 61, &2

1

1

2

mm.mﬁnmh?ﬂ.quuumqu.ﬂﬂnlg&n%aﬂwi
taller than soldiers.

BRI, it s N0

2nd smiders.

x5
23
20
19
21 1
18
20
18
17

Let X, 20 X, be the two samples deviting the beights of ssiars
% e

rq
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Mathematics - IV

Alternative hypothesis, H, : My >,

-3\.”
Calculation of two sample means : f
il 69
71
-3 ¢ 1 7
3
4
9 0 3
9
X, = =X, 68;3(x 16
=" = 3 - %
ﬁ— 1 k: Hmc
jNN \ 61 — 62 ‘ 65
W. X; “-m.ml-mmi-mmm
q‘ — : *
- ~Ltame8m.qS&

X; = = 67.66 =
Com R X 15
1
S?= =
m+n |w_MCn_ - X+ nx, -Xo
= 16.3077
- S=4.038
Test statistic :
ﬁ..bmmﬂtcu t= M‘_ _ MNN 68 - 67.666

Conclusion : Sincer

= H- +=u0M_
caleulated <

: Ly45=1.77, the null h isH, i
e ; 605 ¢ null hypothesis H, is accegied
Le., ther i i )
€15 no significant difference between their averages.
rage taller than the soldiers.

o
ie. r&m.&huwmm?.gnou the ave

SR s . -

-Square Test, One Way
iance (ANOVA).

5-8 C (CC-Sem-3 & 4)

LYy

gw.»:i...:.t,.(% i1}

’l}!‘l.f“-‘
Que 5.9. _ The annual rainfa)] at

PP - “ertain U—Nﬂ& is ne, P
distributed with mean 45 em. The rainfal] durin srimally

are 48 cm, 42 cm, 40 cm, 44 cm and 43 - O
average rainfall during the last fiye
rainfall ? Test at 57 level of signifi

Zthe last five yeury
Ve conclude thay the

years is less than )
cance, the normal

Answer
We have the mean and standard devistion of the

Nee

mall sarm N\..m 25

. ! 1
= MMR.UW «,&0*&&4&@#&1\-\\»‘"?@.»

2_ (1 2y _=_1 i
| M.NC TE =2 (9453 - 43472 =704
Null hypothesis, H : % = u (there is no significant difference in the rain
fall).

Alternate hypothesis, H REXST

We use the left tailed test with 5 % level of significance. Now £(0.05) for one
tailed test = #(0.1) for two tailed test with n = 5. The value of t for P=0.05 24
v =41is 2.132. The test statistic is given by

T-p  434-45

= =
s/ Jn=1 13266

=-1.206

Since, [t| = 1.206 < 2.132, we accept the null hypothesis. There is no
significance difference in the rainfall.

Que 5.10. | The height of 8 males participating in an athletic

championship are found to be 175 em, 168 em, 165 cm, 167 em, 160 cm,
173 cm and 168 cm. Can we conclude that the average height is
greater than 165 cm ? Test at 5 % level of significance.

2:: wwvosuwm_h, H,: p=165cm.
Alternate hypothesis, H, : p<165cm
ﬁmcmmEmlwgﬁm&nmwnﬂﬁwmﬁ?n&&ﬂ%ﬂmﬁm«wnum,

Since, ¢ (0.05) for one tailed test = ¢ (0.1) for two tailed test, we have ﬁm
degrees of freedom and P = 0.05, = 1.895. We compute the sample mean
standard deviation. We have
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Now, 67> 62. we take v, <,
We define

Null hypothesis, z7

« A2 -
0°0,=¢

gnmv we wum.axm
statistic is given by » I 0.05 (8, 5) < 4.89

F= 51 _ 244456
=5 = _
G, 10.6657 = 1.381 <4.89

y» We ace
between the €pt the nuJ] hypothes;

Uoﬁgmﬁob< 4 1S. _H.Tmﬂmu.mb
Mwl.ml ariance, 0 QuEnng &mﬁg
e o.14. | By usi
s 2
associatj Y using y “test, find oy wh
lation betweep income Jeye ether there

E(130) = 256 x150 _ .

480
E(20) = 224 x150

e =170

T

F‘ U

CC-Sem-3 & 4) Statisti
5-12C ( c vE._l_ﬂ_—._.e&_:Ec.s 11

D ) 4 «
E(24) = 206120
480
SO, 224 % 120
E(96) = =5
ag) 00
f, £, Fo-£) | ,-1)" -1,
130 80 50 2500 31.25
20 70 - 50 2500 35.71
102 | 112 ~10 100 0.89
108 98 10 100 1.02
24 64 —40 1600 25.00
96 56 40 1600 28.57
(f.-f)
ple=lel 10044
L,
=¥ (el Vi
f,
= 122.44

Table value of x2 at 5 % level of significance for 5 degree of freedom is 11.07.
Since the calculated value is greater than table value therefore null
hypothesis is rejected. Thus, there is an association between income level
and type of schooling.

Que 5.15. _ A survey of mhe_ families with 4 children shows the

following distribution :
Number of boys 4 3 2 1 0
Number of families 10 65 | 105 | 58 12

Test the hypothesis that male and female births are equal probable.
(Given:y*  .=9.49 and 11.1for4 d.f. and 5 d.f. respectively)

‘Answer _

Null _uvﬂos.ummmw. H, : Male and female are equally probable.
4 3 2 1 0

Number of boys
Number of girls 0 1 2 3 4
Number of families | 10 55 | 105 58 12

Alternate hypothesis, H, :Male and female birth are not equally probable.
Calculation of expected frequencies (g + p)’,
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5~
. . 1 g
Probability of female birth=p = = &
2 5-14 C (CC-Sem-3 & 4) "
. tatistical Techp;
Probability of male birth = g = w cal Techniques [y
@+pr=q¢*+ "¢, pq™t 4 e piqr2 bﬂmﬂmﬂy W_ o B T
2 T+ 3 Null hypothesis, H, : There is no giff .
= hm* +4 AW% h lum.uu +6 ﬁ Jm 1)2 3P MZ. e months among gammeromv#mﬂm. erence in the number of deaths per
2 2. ﬁ Iu +4 h& 1! Alternate hypothesis, H : There is 3 sjon; : .
Numberof girls = 240( .2, 6 4 : 2 @ +@. of deaths per months among three Emaﬂ% cant difference in the number
Number of girls = 16 + 6 + I + 6 + WQ Level of significance : We use 5 % leve] of significance,
Test statistic: To find the variance ratio, F,w .
= 280% W +240x 2 +240x 8 +240 x 2 find the sample totals as : Wesetupan ANOVA table and
16 16 X~ =
=15+60+90+60 + 15 o ~m+§0x% Yy, =3+4+3+5+0=15
These are the expected frequencies of female births Ty, =6+3+3+44+4=99
- : e =T+3+4+6+5=95
o B D F ﬁsn/gn..ﬁﬁo/:su Grand Total (G.T.) = £y, + Iy, + Iy, = 60
# Correction Factor (C.F.)
10 15 5 // (G. Ty 2
c - 2 _ (G.TY (80y
5 | 60 _5 " 167 = 6 Lo
e 0 15 225 041 Sum of squares of samples :
58 60 -2 4 25 ;
12 15 -3 9 0.067 Ly =3 +42+324+52402=59
— //Fl Ty, =62 +3+3+42442=86
Gi 2 —————— 1 Total E Ly =T+ +4+62+5=135
TVER, Xoss = 9.49and 11.] for 4 : 2
Since the caleulated valy df.and 5 df. Total sum of squares =Zy,+ Iy, +Zy:-CF.

e of y2 (5.247) <

x* value at 4 df. ang = 59 + 86 +135-240 = 40

Sum of squares between samples

AMV.LN +AM.,\LN +AM Q.LN _

= C.F.
to compare three hospitals with regardsto :m ﬁoms o5 "
pr.bgm:o of death records were = ﬁl = +ﬂn§cn5
ital and the number of deaths

. Sum of squares within samples
these data, suggest a difference in the P

= Total sum of squares — Sum of squares between sample = 40 - 10 = 3¢
Degree of freedom for total sum squares=n-1=15-1=14 |
Degree of freedom for hospital =k —1=3-1=2
Degree of freedom for error=n-k=16-3=12

|
|
3
i
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ANOVA Table :
Source of Sum of (Degree of 5
| v oo o Ve
I/
Between samples 10 2 5 “
|
Within samples \ 30 \ 12 # W
m

Iz R T Ry

The tabular value of F at 5 % level of si
1= Nv v ~
2= 124 P

Conclusion :Since F_, <F, , , thedifference is jne;
. i :

that data do not suggest a difference in the :MMN:SSE and y,,

among the three hospitals. €r of deatp umsg_&m

T Eong

Que 5.17. | A manufacturing company purch
~ ase

machines of different makes and wishe

; st :
of them is faster than the others in vnomcnwbmmhogu
rocl.w. production figures are observed M.a rarta
machine and results are given below : sand

gnificance Wwithy -

-
=

d ﬁrﬂﬂm Bmﬂ

e ﬂ«ro;m

. T
10 outpyy. ﬂﬂ
om Mﬁcs each

Observations A, A, J*/b
3
! 5 | o | a]
2 30 39 50
3 36 38 =
4 38 42 id
5 31 35 28

Use ANOY
. A and determine whether the machines are significantly

”N—N"ng

EWHnEumn are not significantly different in ther
l, A Emn_ﬂumuﬁd significantly different in their

el of significance.
F, we set up an ANOVA table #

each observation by 30.

5-16 C( CC-Sem-3 &4) Statistical Techniques 111
Observations A, A, 7
S I
0
3 6 8 )
4 8 12 _5
. ° . 5 | -2

Ewowwbogﬁw_m"
A =-5+0+6+8+1=10

ZA,=1+9+8+12+5=35

LA;=-6+0-2-5-2=-15

Grand Total (G.T.) =ZA;+XA,+ZA =30

Correction Factor (C.F.)= ﬁ..mm =60

. Gum of squares of samples :

T A =(-52+0°+6%+82+12=126

Similarly, T A2=315,T A =69
Total sum of squares = 126 + 315 + 69 — 60 =510 — 60 = 450
Machine sum of squares (between samples)

2 2 _ 1=
_ E.: +a$ +H 159 CF.
5 5 5
= 310-60=250

Error sum of squares (within samples)
= Total sum of squares —Machine sum of squares

= 450 - 250 =200
Degree of freedom for total sum of squares=n-1=15-1=14
Degree of freedom for machines=k—-1=3-1=2
Degree of freedom for error =n -k =15-3=12
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Sum of | Degree of
squares | freedom

Source of
variation

Machine
(between samples 250 2

Error.
(within samples) 200 12

\1 Total \.&o\ 14

The tabular value of F'at 5 % level of significance i
3.89 (given). COWIthy) = 2,02y,

Conclusion : Since F, >F, th
: © % calculated b » the null 1S s
and the difference is m_mﬂ.mambﬁ Nb”m &Mﬂmﬂvb& Bypothesis 1S Tejecteq

X . ude P
difference in the mean speed of machines. that there s Significap

5180 W Statistica] Techniques I11
n=>5
N w?&hwuuw ﬁ 3.0172
- 7o) =996+ (3 #u
_ 9.0516
= 99.6 + 2.9361 =99.6 + 4.0479 = 103.6479
= X-3(2)-006-4.0670-
Lo e 99.6 —4.0479 = 95 5521
= 99.
CL >0
X- Chart :
Mean
| UCL = 106.6479

LCL = 99.5521
0 » Sample

SR 2 i AR A

Que 5.19. | The following table gives the sample means and ranges

».m-. 1.Q. samples each of size 6, in the production of certain
component. Construct the central chart for mean and range
comment on the nature of control.

SampleNumber | 1 | 2 | 8 | 4|5 |6 |7 |8]|9]10
Mean ¥ 375 | 49.8 |515 | 59.2 |54.7|34.7|51.4|61.4]70.7|75.3
Range R 95 | 128|108 | 9.1 | 78|58 |145|28|37|80

=l

Mean of means

_ 375+49.8+51.5+59.2+54.7+34.7+61.4+70.7+75.3+514
x : 10
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Mathematics ==~
Mathema e 5-19 ¢ ©
=546+(0.483) (8.4) _ 5o N
LoL % 4B -657
=54.6-(0.483) (8.4 . 50.543
X -Chart:
Y
80
.Ww Out of contro]
2 65
$ 60
E 55
o
Q
= 50
E 45
@0
40
35
0

T T———
fne ,?Mx S

mmnmﬂmrm«mgmsmgmomgm mmEEmbﬂva
than the Upper Control Limit (UCL), 7% 89, 10 whiey 8re gregtey

Also the mean corresponding to the s

. ample numbe
Lower O.oJQE Limit (LCL) value. Seven of ten samp] r'1,2,6are Fm.w thay
control limits. Ple points fall outsigs

Hence, the process is very much out of control.

RQue 520. | Control on measurements of pitch diameter of thresd

at M“M“n :MM“.MW 1s nrm.awmm with 5 samples each containing 5 times
of time. The measurements are given below.

Co :
u.#E_: X and R charts ang state your inference from the charts

R !

: 41 40

]

g 5 41 40

1™

m 44 42
$ 2 | 10

40 | 42 45 | 4

‘Answer
Here, we have
ere, We___
L
S 46 41
g 45
: 41
w 5 44 44
s 43 42
=
42 40
Total Tx=220 | £x =208
- Ix 220 208 204
T I 220 _ 44 [208 _ 204 _ 215 2
= 2 5 =416 5 =408 Wua, .ln%u;
R 46-42 | 44-40 | 42-40 | 45-42 | 47-43
=4 =4 =2 =3 =

. IX 44+41.6+408+43.0+452
Y=%" 5

From the table of control chart, for sample size of 5 items, A, = 0.577,

Limits for X -Chart :
UCLg = X + AR =4292+0577x3.4= 4488

LCLg= X - A, R =4292-0577x3.4=4096
X, = 40.8 < LCL = 40.96

X,=45.2>UCL=44.88
All sample points do not lie between control limits. Hence, the process s out
of control.
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Mathematics -1V
X -Chart :

45 fommmmmmmmm e

44

b
(]

Sample mean
b
(-]

41

O:a.om 8:?&
0 1r 2 3 a1 X

Sample Number
Fig. 5.20.1.
From the control chart table, D, = 0, D, =2115
R-chart :

#‘
8
() S mmrn‘q.rﬁ
g 6
c
=5
X .T,I/.u A4
g 3
@ . /\w\ CL=34
< 2
: 2
uuuuuuuuuuuuuu LCL=0
N R TR R S
Sample Number
Limits fop R-Chast Fig. 5.20.2,
UCL, = D R
=2115x34 = 7.191
All sample poiny lie

control. Byt pro

5-22C (CC-Sem-3 & 4)

Statistica) Techniques Ty

Que 5 21. The following data give the measuremen

ch of size 5 in the production process takep ;
Mwﬁm. Calculate the sample means and r en in
charts for mean and range.
.

tsof 10 samples

an interval of 2
anges and draw the control

SampleNumber | 1 | 2 | 3 4 | mu
Observed 49 | 50 | 50 | 48 | 47
measurement (55 | 51 | 53 | 53 | 49
x 54 | 53 | 48 | 51 | 50
49 | 46 | 52 |50 | 44
f\! 53 | 50 | 47 |53 | 45
‘Answer
Here, we have
Sample 1 2 3 4 5 6 7 slol10
Number :
x 49 50 50 48 47 | 52 | 49 | 55 | 53 | 54
Observed 55 | 51 | 53 | 53 | 49 |55 | 49 | 55 | 50 | 54
measurement 54 53 48 51 50 47 49 50 | 54 52
. 49 | 46 | 52 | 50 | 44 |56 | 53 | 53 | 47 | 54
53 50 47 53 45 50 45 57 | 51 56
Tx 260 | 250 | 250 | 255 | 235 | 260 | 245 | 270 | 225 Ts
Mum 52 | 50 | 50 | 51 | 47 |52 | 49 | 54 .ﬂi,ﬂ
5
R 5549 | 53—46 | 5347|5348 | 50-44 [56-47 5345 | 57-50/54-47 {56-5
=6 =1 =6 =5 = =9 = = " =4

Mean of the means uum ==

n : :
From the control chart table for sample of 5 item, A, = 0.577 e

mw+mc+mc+m~+.5+mm+$+m»+
.. 10 :
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CL= X =51.0

.Sem-3 & 4) - -
Construction of control chart for mean : 5-24C (6 ?
Y _ A, o
§ uc “ -
s ||||||||||||||||||lllllﬁlﬂlm}ﬁln: | ) A ..|||..l||:||..:nmu.o.ru5.qm
541 ' . -
: | o 12
R | ® 10f 9
52 _ g 7 8 .
pe O / g 81 A 7__4Y=CL=65
[=%

5 51— m el 6 ' Mﬂ/\\m

o 0 5 4

= 50F 50 s

Q

£ 497 | 27 Out of control LCL=0

2]
| LCL | i .

e mmmmmmme e __ _LCL=y7,
. 47F e m——— lm
47
“r Out of control : All values of R lie between the control limits 13.7475 and 0.
| ot . A
i der control. Still the process is out of control
T T T T — T , <WH—NUE»Q 1S un
O 1 2 3 45 6 7 § g p X _ ~ Hence,the
: Sample Number | due to X - chart.

Fig. 5211, |
Since X, =47 <LCL and this value lies outside the control limits ang |
hence the process is out of control.

R-chart : |
From the table of control chart D, =0, D,=2115 .

.Mumum+q+m+m+m+w+m+q+q+Aua.m W

b b ) 15 sample with size 200 each taken at an interval of 45
From the contro] chart table, for sample size of 5, A, = 0.577, / o ??éaw.-. : ugﬁmmonﬁ.mun process the average m_.wo_"w“w
Control limits for R-chart : ~ minutes from a m upper

line,
defective was 0.068. Calculate the values of central
lower control line.

UCL= p, B =2.115x 6.5 = 13.7475
LCL=p R =0
CL= R =6

(%4

\ Here, we have

 Average fraction defective = 0.068
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Mathematics- IV

UCL,= p+3

=0.068 +0.053 = 0.121

FQHEH mlw‘\ﬂ

=0.068-0.053=0.15

Oﬂﬁ 5.23. Oobmﬂ.:nn a ﬁ-nfbﬁn for
e nu..-m ?H—Oib mm
g ta ;

\ Number of samples \H \ 2| 3

Kmmnv of 100 items)
\[Z:Bvﬁ. of defectives \ 12 \ 10 n
Answer
hﬁ Number of units | Number of
| ina g—&n Sv | defectivesd
100 . 12
100 10
100 6
100 8
100 9
100 9
100 7
100 10
11
8
| zd-90

tal no. of defective in all samples combined
no. of items in all samples

5-26C (CC-Sem-3 & 4)

mgﬂ% limits :
Upper Control Limit UCL = 5 + 3 [P1-p)
n
= 0.09+3 [2-09(1-009)
100
= 0.09 +30.000819

0.09 + 3 x 0.0286 = 0.09 +0.0858 = o 1758

Lower Control Limit LCL = 5-3 ,\.@
n

= 0.09-0.0858 = 0.0042

Y
'y
0.20-
0.18-
0.167 "UCL =0.1758
0.14-
o -
5 0120 190
& gl 0.10©0.11
2 0104 0.100 0.09 009 ©
[ O>—O— CL=0.09
0.08 ® ®
-] 0.08 0.08
0.06 0.06® ®
. 0.07
o.EH LCL =0.0042
o Loo oo X
1 2 3 4 5 6 1 8 910
Sample Number

All the values lie between control limits.
Hence, the variability is under control. i
B524. | The following set o  data ..mae.nlun 15 .aeuuaa__:.qn
o S defectives found in daily
on days on the s b X faat
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Mathematics - TV Semg
&
)
m...omnnzcu 3|3 |4[5[€ 783 |10 11112 1
. 3y
Namber of | 10[5[10[12/1119(22 14 112 |24 [ 27T
defectives ik !
[ Numberof | Number of units  Numberof ﬁ#
ok in a sample (n) defectivesd defect;j on
cahu&;
1 200 10 0.0,
: 200 s .05
0.025
3 200 10 0.0
4 200 12 p
: o 0.06
11 0.055
6 200 9
7 200 i
m 0 22 0.011
: o 4 0.02
s 12 0.06
x 200 24 0.012
i 200 21 0.105
- 200 15 0.075
1 200 8 0.04
) 200 14 0.07
200 4 0.02
Total 3000 181
L Average fraction defective
~_Xd
= b 2

i,

Standard limits

Coru =

Total no. of defective in all samples combined
Total number of items in all samples

. 181
uc’.oo =0.0603
p+3 [BA=P) ol ¢
o ‘

= 0.0603 + g_[0-0608 (1 - 0.0603)

3&4)
pccosm3S: St et
- /
LCL. = 0.0603 —0.0505 = 0.0098
Y
y 0.12
012 __---m-mmmmmm - ------ unu--mmm-..o._mom
. -
0.10[ sk 0.105
0.08 0.06 KA
0.06 W\\\\\!Q\I? @ 0.06
| 005 005 0055 Qw 0.0603
0.04 ® 0.045 0.04 om
o02f 0025 0.02 LCL,=0.0098 ®
l\nn_u-u_uu_--quu_----.ﬂ._--_.----.. .......
o1 2 3 4 5 6 7 8 9 1011 121514 15 %
Fig.5.24.1.
One sample point is above the UCL line, so the production process is to be
under control.

corrected to make it
Que mhm. _ A drilling machine bores holes with a mean diameter of

0.5230 cm and a standard d
2-sigma and 3-sigma upper a
sample of 4.

eviation of 0.0032 cm. Calculate the
nd lower control limits for means of

=0.5230 cm

; S.D.c=0.0032cm, n=4
2-sigma limits are as follows :

CL= x=0.56230 cm

an: &E:SE.
i
= g 0.0032
= 7+2—=005230+2x =0.5262 cm
UCL=x+2 T 7
0.0032 _ 5198 cm.

LCL= mlwqquuo.%wo-?duu

ii. 3-sigma limits are as follows:
CL= %=05230cm
0.0032 _ ¢ 5278 cm

g
+WH“°.UNNQ+NX|HII ,
0.0032
- - : =0.5182 cm.
—LO“_.L“ X lwﬂ.ﬂc.mN&C wxﬂ‘
26, 000 blades are
: cturin ?32.3 1000
it Doa e : ‘=21=n .n_._o and

annﬂ_bo._ daily. Draw the np-chart. for. the n...w

I
R

UCL=
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Mathematics- IV 5-29¢ (¢q
Datenumber [1/21314/5)86
of defective
Blades muoEmQHmucEqu
Answer _ a
mmnm. n = 1000
Inp = total number of defectiy,
In = total number inspecteq ummHmQH%m
H= Znp _ 166 k-
In 1000x15 - 01
. np = 1000 x 0.011 = 11
Control limits are CL=np =11
UCL, = np+3 np (=3 =
- P)=11+3
= 20.894 14~ 001y
LCL, = np-3np(1-p) =
- v P =11-3
= 1106 1~ 001y
np-Chart :
. Y
25
et e e —_——— UCL = 20,
2 lllllllllmmmmx

No. of defective blades
S &
i
<
< >
o \\
|l
i
= .

(3]

18 5 7 9 11 13 15
Sample number

Fig.5.26.1.

fsamples = 10

umber ©
Mum of each samples = 100
chmuommommnﬁzmmu MMup+m+ 11+3+ :+q+q+5+5+m

_ Total number of defective in all samples combineq
=P = Total number of items of all the samples combineq
_ 8
~ 10x100
Omnﬁﬂm.._. OOD.nHOH Hmbmu
CL= np =100x0.085=85
UCL= np + 3 4\3 W@.
100 (0.85) + 3 /100 x 0.085 x (1 - 0.085)

8.5+3 /100 x 0.085 x 0.915)

85+3x2.79=85+837=1687
LCL=8.5-8.37=0.13

=0.085

Y
A
= UCL = 16.87
1]
216 16®
-
g2 o o 1 a-ss
(=] 8 8® 70 70 m@
4| 4@
......... 8@ 0L =013

0 1 2 3 45 67 89 10
Sample number

Fig.527.1.

Since all the sample points are inside the control limits,
state of statistical control.

the processisina

00 each from 10 lots
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Since all the poj o
points lie within the c imi i r control .
ontrol limits, the process is unde Que 5.28. | An inspection of 10 samples of size 4

Que 5.27, g i
c oo g trae The following of defective of 10 samples of size 100 each, revealed the following number of defective units 17,15, 14,26,94,19
Tt np-chart 12,9,15
: : .o units and state
Sample number 7]8]9[0 | ow_o,:—wam control limits for the number of defective units and §
1/2)8/4]5/6 i whether the process is under control or not.

Number of defectives. | 4 8l11lsim|7|7)1828




Mathematics - IV

-

[ e
mus i ot tin

Here, we have
Totzl number of items 1n 10 samples =N =10 x 400

Total pumber of defectives in 10 samples = ¥4

rnp = 400x0.035=14
CL= Nnm =14
UCL = am-m,.._am:nmvut.“m,.m,:?/g
-U32)

=14-3,14x0965= 143 V1331
=14+3x3676=14+ :.owmnmm.owm

ILCL=nrp-3/npd-p)
= 14-11.0288=2972
v
n
o
~
o
§. W ot A —— UCL = 25.023
& B o1 19
L 15
2.9 ‘ru-m S CL=14
i ®12
wm.m L ] #9
z !
I
: . - LCL=25872

%‘Rﬁéﬁgﬁumﬁﬁnﬁﬁ%wgg o
ik i calboay nﬂﬁ&ﬁ,.g.?%%nﬁw%
TP Smtrsl i, 50, the process is not under control

mmnm. .ﬂ.,m vw«..‘m number of cloth pieces = 15

; The total number of defects (C)
uq+wm+w+wc+~u+m+,»+m+5+m+o+m
+6+7+20=135
i Theaverage number of defects (C):
&< Total number of defects 3C 135
Hoﬁuggommmﬂﬁmv”uum"m.
5 The 3-c control limits for C- chart are given by
Central limit line= C=9
UCL= C+3VC=(9+38) =9+9=18
LCL= C-3VJC=9-39=9-9=0
M‘
4
20
20 921 ® A
iR UCL=18
5 0f---—--- -
g 151
MMO. ®12 H%u m CL=9
¥ *
5] *7 343 ° e 7
3 ¢ . — .—,h.W.uWoM
1 U
0 7 3 5 % 5 &7 5910 H12BHDB
Sample n
1o the limits, the process is 2ot usder

Since three sample points are outside

statistical control. : oo
. 1 length of .
: e 5.3 x During an examination of : .

wing are the number of defects
2,3,4,0,5,6,7,4,3,2 lsllirarﬁ

Draw a control chart for th
f i
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5-83C(c

W C~Seln.3& q
. )

defects per unit (equal length of cloth) he e den

Let the number of
Then the average number of defects in the 10 sample units i glvet gbyc
Fe C 2+3+4+0+5+6+7+4
10 \ 35
10

= 3.6
The 3-c control limits for C-chart are given by

UCL= C+3xVC =3.6+3x 36 =9299;

LCL= C-3xVC =3.6-3x 36 =3.6-5.9
=—20902 = O

Since, the number of defects per unit cannot be negative so LCL is zero,

________________________ UCL =9.2921

71 ®7
®6

Defects
N

9 1 ®5

4 - r @4

3 1 @3 @3
2{ o2 ®2

CL=3.6

gtate of

o -
thln the control limits, the process 5
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